Todn cao cdp Al

Chuong 1. PHEP TiNH VI PHAN HAM MOQT BIEN
Bai 1. GIOI HAN CUA DAY SO THU'C
1.1. Cac dinh nghia
Pinh nghia 1. Mot ham s f di tir tdp cac sb nguyén dwongN'vao tdp s thyc R
( f:N - R), theo d6 voi mdi sd nguyén duong n e N cho twong tng véi duy nhit mot
s6 thuc X € R. Mdi ham s6 nhu vay duge goi 1a mot day s6 thuc va dugce biéu dién nhu
SAU: Xy, Xy yerey X yonr ViEt gon lé{xn}. S6 X, duoc goi la s6 hang tong quat.
Vi du 1. Cho mot ham sé6 f :N° — R duoc xac dinh nhu sau: f (n) =X, =1+3n. Taco
X =4, X, =7, X, =10, x, =13,... Khi d6 ta c6 day so:
4,7,10,13, ..., 1+3n, ....
S6 hang tong quat X, =1+3n.
Pinh nghia 2. Day {Xn} dugc goi 12 hoi tu vé& sb thue @ néuVe >0, E|N=N(8) eN sao

cho Wn> N thi |x, —a|<e&. Vakhidé a duoc goi la gi6i han ciia dy sé {X, }, ki hiéu:

limx, =a hayx, —a khi n —>o.

nN—o0
Vi du 2.Chimng minh rang day s6 sau day hoi tu vé 2017.

2018, 2017+%, 2017+%, 2017+%, 2017+%, e 2017+1,

n

Giai.Taco x, =2017 + i x —2017 = 1 Tacin ching minh
n n

s 1
Ve >0, AN=N(&)e Nsao cho Vn> N thi |x, —2017|==<¢
n
A e , N P o1 .
That vay, vdi moi & cho trude ta chon N=| — | (1a phan nguyén cia —) , khi do6
£ g

Vn>N:>n>1:>1<g (dpcm).
g N

. 2N
Vi du 3. Ching minh rang lim =0.

o n? 41
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Giéi.Ta can ching minh Ve >0, 3N=N(&)eN sao cho ¥n>Nthi | ———|<&. Nhan

n°-+1

. 2n 2n 2 ., 2
thay rang — —
n n

> — = , dé

<
n“+1 n

2 .. , 2
<& N>—,vay voi moi & cho trudce ta chon N=| — |,
g £

khi d6 Vn>N:>n>g:>g<g:>
& n

< & (dpem).
n®+1 (dpem)

Pinh nghia 3. Gidi1 han tai vo cuc:

limx, =+00 < VE >0, 3N(E)saocho ¥n>N(E)thi x, >E.

nN—oo

limx, =—o0 <> VE >0, IN(E)sao cho Vn>N(E)thi x, <-E.

nN—o0

Vi du 4. Chimg minh rang lima" =+ (a>1).
n—o0

Giai.Ta can ching minh VE >0, 3N (E) sao cho Vn> N (E)thi a" > E . Nhan thay rang

. InE
déa">E<na">InE<nlha>InE<sn>——  Vay VE>0 ta chon

Ina

N(E):['Irr‘]_'ﬂ,khi d6ovn>N(E) thi n>||rr‘]—§@a” >E (dpcm).

Dinh nghia 4.

Day {Xn} duogc goi 12 bi chan trén néu t6n tai sé thuc a sao cho X, <a, VX € {Xn }
Day {X,} duoc goi 1a bi chin du6i néu ton tai sb thuc @ sao cho X, >a, Vx €{x,}.

Day {Xn } duoc goi l1a bi chan néu n6 vira bi chan trén vira bi chan duéi, nghia la néu ton tai
sb thuc @ sao cho |x|<a, Vx e{x,}.
1.2. Cac dinh li vé giéi han cia diy s6

1.2.1.Tiéu chuén hdi tu 1: Néu y_ <x <z, ¥n>n,véi n, 14 sb tu nhién 16n hon 0 bét

kivalimy, =limz, =a thi limx, =a.

N—o0 N—o0 n—o0
1.2.2.Tiéu chuan hdi tu 2 (tiéu chuan Cauchy): diéu kién can va du dé day {Xn} co gioi

han la

Ve>0, 3N=N(¢)eN: <& Vvn>Nva VpeN.

Xn+p - X,

1.2.3.Tiéu chuan hdi tu 3: Diy don diéu va bi chin thi hoi ty.
- Day don di¢u tang va bi chén trén thi hoi tu.

- Day don di¢u giam va bi chan duoi thi hoi tu.
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1.2.4. Tinh chit va cac phép toan:
Cho {x,} va {y,} hoi tu, khi do:

a. Néuy, <x. thi Ilmyn <limx,

N—o0

b. lim(x, +y,)=limx, +limy,

n—oo N—o0 N—o0

c. lim(x,.y,)=limx, limy,

n—o0 n—o0

(x limx,
d. lim| = |=2=2—vsilimy, #0
n—»o0 y ||myn n—

n—o
1.2.5. Mt s giéi han co ban cia diy sb:

.1 _ . , Y PR
a. lim— =0véia 1a hang so. €. !,ﬂl a =1véia>0.

nN—o0 n

f. limq" =0 vsi|g|<1.

b.lim—— = Ovéia >0.

n—» |n%n n
g Iim(1+£j =e
c. limin® =1 véi moi peN. oo n

nN—oo

i 2 P _
d. Ilmea0 +an+a,n®+..+an’ =1

n—o0

véimoi peN.

. (-5) +6"
Vi du 5. Tim gi6i han lim~————
o 20 4 7"
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Bai 2. GIOI HAN HAM SO
Gia st f 12 ham sb xéac dinh trén tap DcR va aeD hodc agD.
2.1. Gi6i thiéu cac ham sd lwong gidc ngwoe
a. Him sé y=arcsinx (Poc 13 ac-sinx).

Ngudi ta chimg minh duoc rang:  y=sinx,—n/2<x <n/2 < x=arcsiny,-1<y<1.

Nhu vay, ham sé: c6 ham sb nguoc:
f:[-n/2,m/2] > [-11], X > sinx f 1 [-11] - [-7/2; /2], X > arcsinx
Y y
Loy . ;
] ¢ y=arcsinx
T y=sinx :
2 X
o) x -1 X
? o 1
....................... 1
......... _%

Ham sé y =arcsinx c6 mién xac dinh [-1;1], mién gid tri [-7/2;7/2], 1a ham sd tang trén
[-1,1].

b. Haim sé y =arccosx (Poc la ac-cosx).

Ta co: y=c0sX,0<x<m < x=arccosy,-1<y<1.

Vay, ham sb f:[0;n] > [-L1], x+>cosx  c¢b ham sé nguoc:

y

1 y=C0SX
T
2 Ty

f1:[-11] — [0;7], X > arccosx

y
1
Y
2
y=arccosx
X

-1 o] 1

Ham s y =arccosx c6 mién x4c dinh [-1;1], mién gia tri [0;n], 1a ham s6 giam trén [-1,1]

c. Him s6 y =arctanx (Poc 1a ac-tanx).

Ta co: y=tanx,—m/2<x<mn/2 < x=arctany,yeR.
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Hamsé f:(-n/2;n/2) > R, X+ tanx c6 ham so nguoc:
f1:R—(-n/2;7/2), X > arctanx
v
y
x
Y ET[ 2
P ix e R,
o )
0
: y=arctanx
Hyed| 0 e,
H _T
2

Ham s6 y =arctanx cé mién xac dinh R, mién gia tri (—n/2;7/2), 1a ham s6 ting trén R.
d. Him s y =arccotx (Poc 1a ac-cotx).

Ta co: y=cotXx,0<Xx<m < X=arccoty,yeR.

Ham s f:(0;7) > R, X > cotx c¢6 ham s6 nguoc

f1:R— (0;7), x —>arccotx

y=Ccotx

0 yzm

0

Ham sé y=arccotx c6 mién xac dinh R, mién gia tri (0;m), 1a ham s6 giam trén R .
2.2. Pinh nghia gi6i han ham s6
a. Gi6i han tai diém hiru han.
SO LeR duoc goi la gi61 han cua f(x) tai diém a néu v6i €> 0 bat ky tdn tai &> 0 sao
cho v6i moi x théa mén 0<|x—a|<38 thitaco [f(x)—L|<e.
Viét gon dudi dang ky hiéu logic:
lim (x) = L<{ve>0,36>0,vxeD:0<|x—a|<d=[f(x)-L|<&}.

Vi du. Chimg t6 rang )I(img(xz —6x+9)=0.HD:Ve>0, chon 6=+/¢.
_>

b. Gi¢i han mét bén.

Ta dinh nghia gi6i han phai, gi6i han trai ctia f(X) tai a (néu c6) nhu sau:

lim f(x) =L < {ve>0,35>0,vxeD:0<x—-a<d=[f(x)-L|<e}.
x—a*

lim f(x) =L <{ve>0,35>0,vxeD:0<a-x<3=[f(x)-L|<z}.
X—a~

Nhan xét. lim f(x)=L< lim f(x)= lim f(x)=L.
X—a x—at —a~

5
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, X .
Vidu. Cho f(x)="—.Tinh lim f(x) va lim f(x).
x—0*

X X—0"
c. Gidi han tai vo cue.

Ta dinh nghia gidi han cua f(x) tai +oo va —o nhu sau:

lim f(x)=L<{ve>0,3N>0,vxeD:x>N=If(x)-L|<&}.

X—>+00

lim f(x)=L < {Vve>0,3N>0,vxeD:x<-N=[f(x)-L|<zg}.

X—>—00

Vi dy. Chimg t6 ring_lim L 0va tim =-o.

—>+o0 X2 Xx—>—0 3fx
P 1 .. 1
HD: Ve>0, lan lugt chon N>—= va N >—.
Je g

d. Giéi han vo cuec.

Ta dinh nghia:
lim f(x) =+00 < {¥YN>0,35>0,vx e D:0< |x—a|<5=f(x) > N}.
X—a

lim f(x) = -0 <> {VYN>0,35>0,vxe D:0<|x—a|<8=f(x) <-N}.

X—a

Vi du. Chung t6 rang )!i_r)noi4=+00. HD: VN >0, chon 6=—.
X

N
Bl

2.3. Tinh chat
Tinh chat 1. Cho )I(I_rpdfl(x) =L, )I(I_rQlfz (xX)=L,.

Trong d6 L,,L, hitu han, con a co thé 13 hiru han hodc vo cung. Khi do:
i) limCf,(x) = CL,, v6i C la hdng so; i) )I(I_rg[fl(x) +f,(x)] =L, +L,;

i) lim [f,(0F,00] = L,L,: iv) im%:%,vdi L, #0.
2 2

Tinh chat 2.
sinx

i) lim=—==1;
x—=0 ¥

X |

X
i) lim (142 =e; lim (1+x)" =e;  v6i e~2,718281828.
X—>Fo0 X x—0

1

Vi dy. Tinh | = lim (1+sinx)" . DS: I=e.
x—0
2.4. Cac dang vo dinh
0
a. Dang —:
Ang 0

Trwong hop 1. Khi f(x) = % , vo1 P, Q 1a céc da thue.
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+Néu Q(@)#0 thi Jim £(x) = Jim g((i)) giz))

+Néu P(a) =0; Q(a) =0 thi phan thirc Q(( ; can gian wdc mot hodc vai 1an cho x —a.
X

3 J—
Vidu Tinh I=lim > 1 ps: 1=-3.
x>1x? —3x+2°
Truomg hop 2. Khi f(x) 1a ham c6 chira cic biéu thic vo ty, thi bang cach dat phép thé dé
dua nd vé dang hiru ty hodc bién ddi dé dua biéu thirc vo ty tir mau sd 1én tir s6 hodc nguoc

lai.

Vidu. Tinh 1= I|m . bS:1=2.
x—0 \/x+ ~1
: 2 : . sinx
Trwong hop 3. Khi f(X) c6 chira cac bi€u thire lugng gidc, thuong ap dung )l([)%s— =1.
X
Vi dy. Tinh 1= lim 22%%% pg.1=1,
‘ x—>0 X 2

b. Dang .
o0

Khi f(x) = Pu(X) , trong d6 P_(x),Q.(X) la hai da thirc bac m va n twong ung. Ta chia tir
Q. (X) ) "

n
s6 va mau so cho x* , voi k =max(m;n).

3
Vidy. Tinh 1= lim 2 2X*2 pg;j o,
X—0 x°+4
¢. Dang c0—o0:

A s 5 \ A \ \ < A A+ gR J A O
D¢ tim gio1 han cia ham so6 trong truong hop nay, ta bién déi dé dua nd vé dang o

o0 4 < s , , o ~ e o9 A
hodc —, va ti€p theo 1a 4p dung cac phuong phap gidi nhu da n6i ¢ trén.
o0

Vidu.Tinh 1= lim («/x2+4x—x). PS: =2
X—>+00

d. Dang 0.c0:

8

Trong truong hop ndy, ta cling bién dbi dé dua né vé dang % hodc —.
o0

Vidy. Tinh I =lim(1- x)tan7 bS: 1=

2
x—1 T
2.5. VO cung bé va vo cung lon
a. Dinh nghia.

Ham s6 (x) dugc goi 1a vo cung bé (viét tat 1a VCB) khi X —a néu limf(x) =0.

X—a

Ham s6 f(X) dugc goi 1a vo clng 16n (viét tat 1a VCL) khi X —a néu
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limf(x) =+ hoac limf(x) =—o.
Nghich ddo cua VCB la VCL, va nguoc lai.
Vi du. f(x)=x? 1a mot VCB khi x — 0.
b.Tinh chit.
Cho f,(x), f,(x) lahai VCB khi X —a.

(i) Néu Iim% =0 thi ta n6i VCB f,(x) co6 bac cao hon VCB f,(x) va ky hi¢u
X—a X
2

f,(x) =0(f,(x)). Ching han: x?=0(3x).
(i) Néu Iim% =C (v6i C#0) thitandéi VCB f,(x) cung bac véi VCB f,(x) va ky
X—a X
2
higu f,(x) = O(f,(x)).

Dic biét, néu Iim% =1 thi ta néi rang VCB f,(x) tuong duong vi VCB f,(x) vaky
X—a X
2
hiéu f,(x) ~f,(x) khi X —a. Chang han: sinx ~x khi x —0.
(iii) Néu khi X —>a, ¢6 f,(x) ~f,(x); g,(X) ~g,(x) thi
00 H00
9,(x) 9,(x)

f,()9,(x) ~F2(x)g,(x) va

Mt s6 cong thire (khi x —0):
2

sinx ~X; tanXx ~ X; 1—cosx~X?; In(1+x) ~X;
¥ -1~x; a*—1~xlna; @+x)* -1~ax. |
Vi du. Tinh cdc gioi han: A= limSMX=3) . g _ jing 12608 . o _ i, In(Cosx).
‘ x>3X2 —4X + 3 x—0 X2 x50 X2
2
ps: Al g .co_L
2 2 2
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Bai 3. TINH LIEN TUC CUA HAM SO
3.1. Ham s6 lién tuc

Cho f 14 ham s6 xac dinh trén (a,b). Ta noi f lién tuc tai X, € (a,b) néu lim f(x) =f(x,)
X—>X0

f duoc goi 1a lién tuc trén (a,b) néu f(X) lién tuc tai moi diém thudc (a,b).
Vidu. f(x)=x+2 1a ham s lién tuc trén R.
Chii y. Nguoi ta con dinh nghia ham sé lién tuc theo ngdn ngit £—& nhu sau.

flién tyc tai x, < {Vs >0,35>0,Vx e(a,b):[x—xo| <& = [f(x)—F(x,)|<ef

3.2. Ham sb gian doan.

Ham s6 f(x) khong lién tuc tai X, duoc goi 1a gian doan tai diém ay.

Piém x, 1 diém gian doan cta f(x) néu xdy ra I trong cic kha nang sau:

+ X, khong thudc mién xac dinh cta f(X);

+ X, thudc mién xac dinh cia f(x), nhung xllg]( F(X) =f(X,);
0

+ Khong ton tai lim f(x).
X—)XO

Vidu. f(x) =§ 12 ham sd gian doan tai X, =0.

3.3. Tinh chit ciia ham sb lién tuc
Tinh chat 1. Cho f(x),g(x) 1a 2 ham s6 lién tuc trong khoang (a,b), khi do:
i) f(x)+9g(x)lién tyc trong (a,b);
ii) f(X)g(x) lién tuc trong (a,b). Pic biét Cf(X) lién tuc trong (a,b) (véi C 1a hang
50);
11)) % lién tyc trong (a,b) trir ra nhitng diém x lam cho g(x) =0.
Nhan xét. Cac ham da thurc, ham phan thure hitu ti, ham luong giac, ham lugng giac nguoc,
ham lily thira, ham mil, ham 16garit lién tuc trén mién xac dinh cta ching.
Vi du 1. Khdo sat tinh lién tuc cua ham sb f(x) = %’ khi x =0
1, khi x =0.
Vi du 2. Cho f(x) = {4'3X’ khix <0
2a+ X, khi x>0.
Xéc dinh a dé f(x) lién tuc tai diem x=0. PS: a=2.
Tinh chat 2. (Dinh ly vé gia trj trung gian)
Cho f(x) 12 mot ham sb xéac dinh, lién tuc trong (a,b). Néu c¢6 o,p thoa min

a<a<B<b va f(a)f(B) <0 thitdn tai mot ¢ e (a,p) sao cho f(c)=0.
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Bai 4. PAO HAM - VI PHAN
4.1. Pinh nghia dao ham

Gia st f 13 mot ham sb xac dinh trén khoang (a,b), x, €(a,b). Néu ton tai

lim T =T00) (3.1)

X—>X0 X — XO
thi gi6i han d6 goi la dao ham cua f(x) tai X,, va duoc ky hi¢u la f'(XO) :
Ham s6 f duoc goi la c6 dao ham trén (a,b) néu f c6 dao ham tai moi diém
X, €(a,b).
Khi ham s6 f c6 dao ham tai diém X, tandi f kha vi tai diém X, .
Nhin xét. Néu dit Ax =X —X, thi (1.1) tré thanh

f(AX+x,)—T(X,)
AX '
Vi du. Cho f(x) =x*. Tinh dao ham cua f tai diém X, theo dinh nghia.

(3.2)

)= fim

Nhan xét. Néu f 13 ham sb c6 dao ham tai X, thi f lién tyc tai X,.
4.2.Y nghia hinh hoc ciia dao ham

Gia str ham s6 y =f(X) c6 do thi 1a dudng cong (C). Néu f kha vi tai X, thi f'(X,)
chinh 13 hé s6 goc ciia tiép tuyén A ciia dudong cong (C) tai diém M, (X0, F(Xo))-

Tl d6 suy ra rang: Néu f kha vi tai diém X, thi tiép tuyén A cta (C) tai Mg (X, (X))
c6 phuong trinh la: y =f'(x,) (X —Xq)+ Y.
4.3. Pao ham m{t phia
+ Gid str ham s6 f x4c dinh trén khodng [X,,b). Néu ton tai

F0-F(%0) _p
X=X,

lim ,

+

X—>XO

thi gidi han d6 duoc goi 13 dao ham phai cua f tai diém Xy, va ky hiéu la f'(x0+) :
+ Gia sirham sé f x4c dinh trén khoang (,X,]. Néu ton tai

f0)-f(xo) _p
X=X,

lim
X—>X0

thi gidi han d6 duoc goi la dao ham trai cua f tai diém X,, va ky hi¢u la f'(XO_) .
Nhén xét. f(x) kha vi (c6 dao ham) tai x, <f (X,*)=f (X, ).
) o o Cx o e” khix >0
Vi du 1. Dung dinh nghia, tinh dao ham (n€u c6) cua ham so f (X) =
x> +x+1 khix<0
tai diém x, =0.

Giai.

10
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+ Dao ham bén trai cua ham so tai diém X, =0:

X

£(07)= lim FO)=H0) _ iy (Eexet)e? im X0 _ i (x+2) =1

X—0 X—-0 X—0" X x—0" X X—0"

+ Dao ham bén phai cua ham s6 tai diém X, =0:

_ X A0 X
f-(o+):|imM:"mu:"me 1:1
Xx—0" X—-0 Xx—0* X x—=0" X

Ta thy £'(07)=F'(0")=1. Vay ham s6 da cho c6 dao ham tai diém X, =0 va £(0) =1.

Vi du 2. Cho f(x) =|x|. Tinh f'(0%) va f (07).
Giai.
X khix>0
Taco f(x)=|x|= _ :
—X khi x<0
+ Pao ham bén trai ctia ham sb tai diém X, =0:
. F(x)-f(0 . —X— .-
f'(O‘)z lim Mz lim X—Oz lim —X=—1
x—0" X—-0 x—0" X x—0" X
+ Pao ham bén phai cia ham s6 tai diém X,=0:

f'(o+): jim F00=F(0) i x=0 o x
x—0* X—-0 x—0" X x—0" X

Ta thiy f '(o—) £ '(o+). Vay ham sé da cho khong c6 dao ham tai diém x, =0.

Vi du 3. Dung dinh nghia, tinh dao ham (néu c6) cia ham s6 y=f(x)= {XZ khi_ x=1
2x—-1 khix>1

tai diém x, =1.

Giai. Sinh vién tuw lam xem nhu bai tdp.

Vi du 4. Dung dinh nghia, tinh dao ham (néu c6) cia ham s6 y=f(x)= {ex kh? x=0
x+1 khix<0

tai diém x, =0.

Giai. Sinh vién tuw lam xem nhu bai tdp.

4.4. Quy tic tinh dao ham

Gia sir cac ham sb u va v c6 dao ham (hiru han) tai diém x. Khi d6 cac hams6 U+V,

uv, ku (k 1a hang sd) c6 dao ham tai diém x va

i) (u+v)' —U 4V i) (uv)' UV
i) (ku) = ku'; iv) (%j :“"V;z“" v6i V(x) #0:

4.5. Bang cac dao ham co ban

11
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C =0, (C=const); (x“)':ax“‘l; (ax)lzaxlna; (ex)lzex;

' 1 ' 1 . ! . ! - .
| _ - Inx) == (sinx) =cosx; (cosx) =—sinx;
(109 x) xIna’ (Inx) X’
(tan x)' = : (cotx)' I : (arcsin x)' 1 ;  (arccos x)' __ 1

cos? x sin? x 1 x2 1-x2
(arctan x)' = ; (arccotx)' -
1+x%’ 1+x2

4.6. Pao ham ciia ham s6 hop
Néu ham s6 u=g(x) c6 dao ham tai x va ham sé y=f(u) c6 dao ham tai u thi ham

hop y=f(g(x)) c6 dao ham tai x va

y'x = ylu-u‘x -

Vi du. Tinh dao ham ctia ham sb y = (sinx +x? +x)*°.
4.7. Pao ham cip cao
Cho f1a ham s6 xac dinh trén (a,b) va gia thiét f kha vi tai moi diém X e (a,b). Néu

f'(x) kha vi thi dao ham cua f (x) dwoc goi & dao ham cap hai cta f(x), ky hiéu f ()

2
hodc S—E . Khi d6 ta noi f kha vi 2 1an trén (a,b). Tong quat hon, ta c6 dinh nghia sau:

Pinh nghia. Cho ham sé f x4c dinh trén (a,b). fdwoc goi 13 kha vi n lan trén (a,b) néu f
lakha vi n—1 1an trén (a,b) va "D (x) ciing kha vi. Khi 6 dao ham cip n cua f duoc

dinh nghia boi h¢ thic:

fV(x) = [f (n-1) (x)] .

Vi du. Cho f(x) =sinx. Tinh dao ham cap n.

HD: Bing quy nap, tim dugc: (M (x) =sin[x+n.(z/2)].
4.8. Vi phan
a. Pinh nghia.
Xét y =f(x) 1a ham s6 co dao ham tai X,. Theo dinh nghia dao ham ta co:

—im AY ey i
0= lim f(xo)_AI)!T)O

Ay—f'(xo).Ax
AX—0 AX X

= Ay —f (X,).AX = 0(AX) .

Do d6:

Ay =T (X,).AX + 0(AX) (3.3)

trong d6 0(AX) la vo cung bé (VCB) c6 bac cao hon AX.
Gia tri f'(xO)Ax dugc goi 1a vi phan cua ham y =f(X) tai X,, va ky hiéu la dy hoac df.

Vay:

12
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dy =f (x,).AX.
Xét vi phan cua ham y =X tai X, tuy y. Khi do6 f'(xo) =1 va do d6 dx =1.Ax=AX. Vi

vay:

dy =f (x,)dx|. (3.4)

Pang thirc trén dugc goi 14 biéu thirc vi phan ciia ham y = f(X) tai X,.
Vi du. Tim vi phan ctia ham y =/x + 2% — log, X tai diém x, =4.
b. Vi phén ciia tong, tich va thwong.

Tir cong thire tinh dao ham cua tong, tich va thuong cta hai ham sb suy ra:

d(u+v)=du+dv; d(uv) =vdu +udv; d(gjzw.
Y v
c. Ung dung vi phan vao phép tinh gin ding.
Gia sir y =f(x) 1a ham s6 kha vi tai x,. Theo (3.3) Ay ~f (x,).Ax khi Ax—0.

Vay khi [Ax| khé bé, ta c0: f (X,).AX = Ay = (x, +Ax) —F(x,) . Suy ra:

f(Xo +AX) ~ F(Xo) +F (Xg).AX|. (3.5)

Vi du. Tinh gan dung A =4/15,8.
HD: Xét y =4/x ; chon x, =16; Ax=-0,2; A~1,9938.

13
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Bai 5. CAC PINH LY CO BAN VE PAO HAM VA UNG DUNG PAO HAM
TIM NGHIEM GAN PUNG

A.CAC PINH LY CO BAN VE PAO HAM

5.1. Céc dinh 1y co ban vé ham kha vi

a. Pinh ly Fermat. Gia st ham s6 f x4c dinh trén (a,b) va dat cuc trj tai diém x, e (a,b).
Néu f c6 dao ham tai diém x, thi f'(xo) =0.

Y nghia hinh hoc: Néu f dat cuc tri tai X, va c6 dao ham tai c6 dao ham tai x, thi tiép tuyén
ctia dudng cong y =f(x) tai diém (Xo;f(Xo)) song song vai truc hoanh.

b. Binh ly Rolle. Néu ham s flién tuc trén[a, b], c6 dao ham trén (a,b) va f(a) =f(b) thi

ton tai ¢ (a,b) sao cho

f'(c)=0. (4.1)
Y nghia hinh hoc: Néu cung AB cila dudng cong
y="f(x), voi A(a;f(a)) va B(b;f(b)), lién tuc Y

va co ti€p tuyen tai moi diém, dong thoi

f(a) =f(b) thi trén cung ay co it nhat mot diém

C c6 hoanh d6 ce(a,b), & d6 tiép tuyén song

song vdi truc Ox (cling song song véi day cung S C b
AB).
Vidu.Cho f(X)=(x+3)(x—-2)(x-1).
i) Phuong trinh f (x) =0 c6 it nhét bao nhiéu nghiém ?
i1) CMR phuong trinh f (x) =0 c6 it nhat mot nghiém trén (-3;2).
c. Pinh ly Lagrange
Néu ham s6 f lién tuc trén [a,b] va cé dao ham trén (a,b) thi ton tai ¢ € (a,b) sao cho:
f(b)-f(a)
b-a
Y nghia hinh hoc: Néu cung AB cila dudng cong y
y =f(x) véi A(a,f(a)), B(b,f(b)), lién tuc va c6

f(c)= (4.2)

tiép tuyén tai moi diém thi trén cung ay c6 it nhat

mét diém C c6 hoanh do ¢ e(a,b), & d6 tiép tuyén

song song voi ddy cung AB. o : c o\
Nhan xét: Dinh 1y Rolle 1a mot truong hgp riéng cua dinh ly Lagrange. That vay, khi
f(a) =f(b) thitir (5.2) suyra f (c) =0.

Vidu. Ap dung dinh Iy Lagrange, CMR: [sinb—sina|<|b—a.

14
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d. Pinh ly Cauchy. Néu f(x),g(x) lién tuc trén [a,b], c6 dao ham trén (a,b) va
g (x) =0,Vx (a,b) thi ton tai c e(a,b) sao cho:
f ) _f(b)-f@)
g(c) 9(b)-g(a)
Nhan xét: Dinh Iy Lagrange chi 13 trudng hop riéng cua dinh Iy Cauchy, vi néu chon

g(x)=x,tacod g (x)=1; g(c)=1; g(a)=a; g(b) =b. Thay vao (4.3), ta duoc (4.2).

(4.3)

Vi du. Hay khao st xem cac ham f(X) = x* —2x +3 va g(x) = x> = 7x* + 20x =5 c6 thoa
man diéu kién kién dinh ly Cauchy trén doan [1;4] khong ? Néu ching thoa mén dinh 1y
Cauchy thi hdy tim diém c e (L4).
Taco: +RGrang f, g lién tuc trén [1;4] va c6 dao ham trén (1,4);

+ g (x) = 3x* —14x + 20> 0,V & (—o0;+0).
Vay f va g thoa man dinh ly Cauchy, do d6 ton tai ¢ € (1;4) thoa man:

fc) f(4)-fQ) ha 2c-2  11-2

c=2
g(c) 9(4)-g@) Y 3 14c+20 27-9 '

c’—6c+8=0 c{
c=4

Ta chi nhan ¢ =2 thoa yéu cau bai toan.
5.2. Khir dang v6 dinh — quy tic De L’Hospital

a. Dang v6 dinh %:

Gia st f, g 1 hai ham s xac dinh, kha vi trong 14n can U cta diém a (c6 thé trir tai a).

Néu limf(x) = limg(x) =0, g'(x) £0,vx U thi fim &) _ jjm £ )
x—a x—a x-ag(x) x-ag'(x)
ax —2ax
Vidu 1=lim&—% __ ps:1=-3
x-0 In(1+ X)

b. Dang vo dinh =z,
o0

Gia st f, g 1a hai ham s6 xac dinh, kha vi trong lan can U clua diém a (co thé trur tai a).

Néu limf(x) =limg(x) =, g'(x) #0,Vx e U thi Iimf =lim :
x—a x—a x—ag(x) x-ag'(x)
3
Vidy. Tinh lim X%+
Xx—>+0 X +3

c. Dang vo dinh 0.c0:

Ta chuyén vé dang % hodc iy
o0

Vidu 1= lim (x—g)tanx.DS:I:—l.

X—n/2

d. Dang vo dinh oo —:
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00

1 1 . V . u
U—V=UV{———} U—V=U{l——] u—v=v{——1]
vV u u \

2
Viduy. Tinh 1= lim (e* —x?). HD:(eX—xz):eX[l—X—Xj; | =+00.

X—>+00 e

Ta chuyén vé dang % hoac 2 Taco thé viét f(x)—g(x) thanh mot trong cac dang sau:

e. Dang vé dinh 0°,00°,1”:

P(x)
Ta viét [f (x)](p(x) = e'”[f COJ™ _ eo(x)Inf(x)

6 1
Viduy. Tinh A= lim X**™; B=_lim (x+x/x2+1)'“x; C= lim (tanx)

X—0T X—>+00 X—>n/4

tan2x

PS:A=¢;: B=e: C=¢".
5.3. Coéng thirc Taylor
a. Cong thirc Taylor
Pinh ly. Néuham s6 f(x) c6 dao ham dén cp n trong khodng déng [a,b] va c6 dao ham
cdp n+1 trong khoang mo (a,b)>x, thi tdn tai diém c e (a,b) sao cho véi moi x e(a,b)

ta co:

_ f'(Xo) 3 f"(xo) Y f(”)(xo) o £ ()
FO0 = Fxg) + = (x 0 )+ (X m) et P2 (=) !

(x—x,)""| (4.9)

voi

C=X,+0(Xx—X,), 0<0<1. (4.5)
Cong thirc (4.4) goi 14 cong thirc Taylor, s6 hang cudi & vé phai goi 14 s6 hang dw Lagrange.
Biéu dién ctia ham s6 f(X) dudi dang (4.4) goi la khai trién hitu han ciia T(X) & 1an can
diém x,.

Khi x, =0, cong thirc (4.4) tr¢ thanh:

f(x)=f(0)+mx+mx2+...+f(n)ﬂx”+wxn+l (4.6)
1 21 n! (n+1)!

Cong thuc (4.6) goi 1a cong thirc Maclaurin.
Nhan xét. Cong thirc (4.4) cho phép biéu dién f(x) gan dung vdi da thirc

f(x,) f(x,) 2 £(M(x,) N
Pn(x):f(x0)+T°.(x—xo)+2—!°.(x—x0) +...+T°.(x—x0)
& 1an can diém X, v&i sai so:
f(n+1)(C)

n+1
Ry 00 =y (X %0)™

Vi du. i) Khai trién theo cong thirc Taylor ctia ham f(x) = x* —2x* +3x +5 tai X, =2
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ii) Khai trién Maclaurin cia ham €* dén cap 3.
b. Bing cac cong thirc Maclaurin ciia mot s0 ham so cap co ban

o (1+X)m :1_,_%)(_'_ m(m-1) W2+ 4+ m(m-1)...(m-k+1)

X$+..+x™ meZ".

2! k!
2 n_n n+l 1 n+l.
° 1+X=1—X+X —...+(—1) X +(—1) mx 1 0<06<1.
. i=1+x+x2+...+x”Jr—mx'”l; 0<0<1.
1-x (1+6x)
2 n
. In(1+x)=x—X—+...+(—1)nX—+(—1)n+l t ! -X" 0<0<1.
2 n n+1 (1+ex)“+
2 n
. In(l—x):—x—x——...—x—— t 1 —x"; 0<6<1.
2 n n+1 (1+9x)
X2 n eex .
e =14+ —+—4. . . +—+ X" 0<0<1.
1n 21 nl (n+1)!
3 5 2n-1 2n
. sinx=x——+X——...+(—1)”71X—+(—1)" X sinox: 0<0<1.
3l 5l (2n-1)! (2n)!
2 4 2n 2n+1
. cosx=1—X—+X——...+(—1)n X +(—1)n+1x—cosex; 0<0<1.
21 4l (2n)! (2n+1)!

LG NI OL(Ot_l)"'(oc_k+1)xk +. a(a—l)...(oc—n+1)xn +0(Xn)'
!

o (1+x)" =1+ax+ " -

bac biét:

.\/1+x=1+%x—%x2+0(x2) Vi — :1—%x+gx2+o(x2).

J1+X

Vi du. Khai trién Maclaurin ham 1+ x dén cap 2. Dung két qua khai trién, tinh xap xi
$/1,03.
HD: (1+x)" =1+ox+ wxz +0(x%).

B.UNG DUNG PAO HAM TiM NGHIEM GAN PUNG
6.1. Mo ta phwong phap

Dé ap dung phuong phap Newton giai gan ding phuong trinh f(x) =0, ta ludn gia thiét
f(x) thoa méan cac diéu kién: f,f ,f lién tuc trén [a,b]; f(a)f (b) <0; mdi ham f.f déuco
déu 6 dinh (duong hodc 4m) Vx e[a,b]; ngoai ra [a,b] la khoang phan ly nghiém.

C6 4 trudng hop lién quan dén cac to hop vé dau cia f,f vaxéc dinh nghiém gan dung
cua phuong trinh f(X) =0 nhu sau:

)f >0, f>0; ii)f >0, f <0; iii)f <0, f <0; iv)f <0, f >0.
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Sau day chung ta chi mé ta cho truong hop f >0, f >0,cac truong hop con lai 1a

tuong tu.

Y tudng cua phuong phap Newton
la tim cach thay phuong trinh phi
tuyén f(X) =0, bang phwrong trinh
gan diing tuyén tinh, cu thé hon 1a
bang phwrong trinh tiép tuyén. Cho
nén phuong phdp Newton con co tén

|a phwong phdp tiép tuyén.

Van dé 1a chon tiép tuyén véi tiép
diém nao dé giao diém cua nod véi
truc hoanh thude (a,b) ?

Trén hinh v&, néu ta chon tiép tuyén véi tiép diém tai A thi giao diém cta no6 vai truc
hoanh nam ngoai [a, b] . Vay ta xét tiép tuyén voi tiép diém tai B va chon Xo=b (luuy rang

ta chon X, sao cho f(x,) cung diu véi f"). Phuong trinh cua tiép tuyén nay la:

y—f(Xo) =F (%) (X—X,).
Pé tim giao diém clia nd voi truc hoanh, ta thay y = 0 vao dang thirc trén, tim dugc:
f(X,)
f (%)
Goi B, (x,;f(x,)), tacé cung AB, thu hep clia cung AB. Tiép tuc xét tiép tuyén véi tiép

X, =X, —

diém tai diem B, (x,;f(x,)) va ldp lai budc tim giao diém cia tiép tuyén ndy véi truc

f(x,)
(%)

hoanh, ta tim duoc X, =X, — V.V ... va mdt cach tong quat:

_x 1)
Xng =X, f'(xn)' (5.1)

Dung lai ¢ budc tinh thir n xac dinh nao d6, ta dugc X, va xem X, 1a gia tri gén ding cua
nghiém o .

Dinh 1y sau day dam bao cho sy hdi tu ciia ddy X, va sai s6 cia phurong phap.

6.2. Pinh 1y vé sw hdi tu va sai s6

Pinh Iy. Gia st [a,b] 1a khoang phan ly nghiém o cta phuong trinh f(x)=0; f,f ,f lién
tuc trén [a,b]; f(a)f(b) <0; mdi ham f,f déuco ddu cb dinh Vx e [a,b]. Xép xi dau x,

chon 13 a hay b sao cho f(x,) cung ddu véi f . Khi d6 X, duoc tinh bai (8.1) hoi tu vé o
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khi N — 400, cy thé hon ta ¢6 ddy x, don diéu giam t6i o khi ff >0;va day x, don diéu
tang to1 o Khi ff <0.

Vé saiso: |a—X,|< . véi 0<m= argnxigb‘f'(x)‘.
6.3. Vi du. Tim nghiém o gan dung cua phuong trinh f(x) =x% —2x% —4x —7 =0 thudc
[3;4], v6i do chinh xac t6i 0,01.
Ta co: f(x)=3x2—4x—4; f (xX)=6x—4; f(3)=—-10<0; f(4)=9>0;
D& thdy f >0,f >0 trén [3;4] va bai toan thoa man cac diéu kién cta phuong phap

Newton.

+ Chon X, =4, khido x, =X, —%:4—%:4—%z3,7 va f(x,) =f(3,7) =1,473.
XO

[f(x,)
m

Kiém tra diéu kién sai s6: |OL - x1| < <0,01 72

véi m= arp)(igb‘f'(x)‘ = min, [3x* —4x—4|=11.

[f(x,)| L1473
m 11

X, = 3,7 chua théa man d¢ chinh x4c dat ra.

Vi |oc - X1| < ~ 0,14, nén khong thoa man bat dang thic trén. Nhu vay gid tri

+ Tiép tuc tinh X,:

X, =3,7—:.(é’77)) ~3,7-0,066=23,634; f(x,)="(3634)~0,042.

~ 0,004 <0,01.

Kiém tra sai s0: |ou—X,| < Fox,) < 0,042
m 1

Vay nghiém gin ding ctia phuong trinh da cho 1a X, = 3,634, thdoa man do chinh x4c dit ra.
Nhan xét:

+ Trong thuc t€ ngudi ta ding lai qué trinh tinh khi: [x, — X, ,|< sai s6 cho phép €.

+ Phuong phap Newton h¢i tu nhanh hon phuong phap chia doi.
6.4. Tom tat phwong phap: (theo thuat todan)
Bucéc 1:  + Cho phuong trinh f(x) =0,
+ Kiém tra cac diéu kién: f,f',f" lién tuc trén [a, b] . f(a)f (b) <0; mdi ham f',f"
déu c6 dau cb dinh ¥x e[a,b]; [a,b] 14 khoang phan ly nghiém.
+ An dinh sai s cho phép €.
Budéc 2:  Chon X, 14 a hodc b sao cho f(X,) cung diu voi f .

f(Xo)

Buoc 3: +Tinh X, =X, ——= :
f (%)
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+ Tinh e =[x, —X,|.
+Néu e <¢ thi két luan: o ~ X,, v6i sai s6 cho phép €.

+ Néu e > ¢ thi quay lai budc 2.
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BAI TAP CHUONG 1
GIOI HAN HAM SO
1.1. Tim céc gi61 han mot bén cua cac ham $6:
—2x+3, x<1 5 . _
111 f0) =1 TP hixo1; L12.f(x)= 5 khi x —2;
3X-5 x>1 (x—2)
2
1.1.3. f(x) = > khi x —>1; 1.1.4. f(x) = khi x —0;
|X—l| 2_2¥

1

o 1y X e
1.2. Dung céc cong thuc  lim (1+—) = lim (1+ x)x =¢, tinh cac gidi han sau:
X

X—>to0 x—0
o x-1 :
x3 H H ;.
191 “m( ) ; 1.2.2. )!m(mlj : 1.2.3. legg(1+3|n4x) ;
1 1 1
X2 . —. . 4\ 2
1.2.4. Ilm(cosx) : 1.2.5. leirg(l—tanBX)zx, 1.2.6. |X|Lrg(1_3x )x
g 0,.
1.3. Tinh cac gidi han sau (dang 0 ):
_[x*-6x+9 _(x*+1 (X =3x+2
131 lim | ———|; 1.3.2. lim ; 1.33. lim| —/— |;
X— -3 X =9 X—>-1| x+1 x—1 X4—4X+3
1.3.4. lim 12 YooSX. 1.35. lim| Yirx -1 1.3.6.1im VXT3,
x>0 X wald Mrx -1 x>2 Yx +6-233x -5
1.4. Tinh céc gidi han sau (dang 2):
o0
2 2 5
1.4.1. lim 20 Fx 1 142, lim 222X 143 fim YAX*+1.
X—>0 3x° —-x+1 X—0  X° 43 X—>+0 x-1 '
T 2 2 oy
1.4.4. lim % 1.4.5. lim X 1.4.6. lim w;
T X0 X ’ X_>+°°10+X\/_ X—00 x* +1
1.5. Tinh cac gidi han sau (dang oo —oo):
1.5.1. lim («//x2 —1—«/x2+1); 152 lim (\/x2+2—«/x2+x);
X—>00 X—>+00
1.6. Tinh céc gi6i han sau (dang 0.00):
1.6.1. lim (sin2x.cotx); 1.6.2.limxcot2x ;
X—>T x—0
1.7. Tinh céc giéi han sau (VCB - VCL):
17.1. lim—Sn>x__. 1.7.2. 1im(€05%) . 173 limM+x+x° -1,
X—>0|n(1+4X) x=0 14+ x2 —1 T x50 sin4x ’
. In(1+sin4x) e X’ _cosx
L4 i =G M L76. fim ==
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In<1+X3) _oesinx_g imYLtsin3x -1,
L g S M Cranx)

1.7.7. me x>0 In(1+ tan 2x)

TINH LIEN TUC CUA HAM SO

2.1. Khao sat tinh lién tuc ctia cac ham so:

sinx . . xX>—4 .
—  khix=0 —  khix#2
211 f(x)=1 x 21.2. f(x) =1 x—2 ”
a, khi x =0. a, khi x = 2.
sin(1/x), khi x #0 xsin(1/x), khi x =0
2.1.3. f(x) = 1/x) ) 2.1.4. f(x) = 1/x) )
1 khi x =0. 0, khi x =0.
—Xiz _ 216, f(x) 2x, khi0o<x<1
215, f(x)={€ " . khix=0 18- 109=19, « whit<x<2
0, khix=0.
2.2. Xét tinh lién tuc ciia ham s6 tai mot diém.
2.2.1. Tim m dé f lién tuc tai diém x =0: 2.2.2. Tim m dé f lién tuc tai diém X =0:
xsinx+-ln(1+2x)1 ESV xsinx+2tan2x, <0
f(x) = sin x 2 f(x) = 2
X2 +sinx +m, X >0. cos® X +2m, X >0.
2.2.3. Tim m dé f lién tuc tai diém x =0: 2.2.4. Tim m dé f lién tyc tai diém X =0:
e2X + e—Zx -2 In(x+1) —x .
-z - ——  khix=#0
t0=1 22 70 f)={  sin’x
1+2m, X =0, 1+2m, khi x =0.
2.2.5. Tim m d¢é f lién tuc tai diém x =0: 2.2.6. Tim m d¢é f lién tuc tai diém x =0:
2 - 2X
In(2x +1)+xsmx,khi C<x<0 e _2X+1,khix¢0
f(x) = sin’ x f(x) = sin? x
X2 +2X +m, khi x > 0. —1+3m, khi x = 0.
2.2.7. Tim m dé f lién tuc tai diém x =1: 2.2.8. Tim m dé f lién tuc tai diém x =1:
3
2x - 3x+1 X =1 arctan , x<1
f(x)=3 x-1 (x-1)*
f(x)=
-1+m, x=1. x* +3x+m
B E— X >1.
X +1
PAO HAM - VI PHAN
3.1. Tinh dao ham cép n cua cac ham sb:
1 1 1
311 y==—; 3.12. y=——; 3.13.y= ;
y X y 1-x x(1-x)
314.y=— 1 : 3.1.5.y=cosx.
X —3X+2

3.2. Ap dung quy tac Lopitan tinh cac gidi han:
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4
421, lim——X =% .
X—>2 X% 45X —6X—16
2x_
4.2.3. Iime_ 1 :
x=0 sin X
425, lim&—& —2X.
x>0 X —sinX
4.2.7. lim (sinx)tanx :
x—%

422 lim>2 =2
x—a X" —ga
4.2.4, lim 2005 .
x—>01 —coshx
2
4.2.6. IimM ;
x>0 cos3x —e
428, lim X+t

x—>03x2 4+ x—-1"

UNG DUNG PAO HAM TiM NGHIEM GAN PUNG
5.1. Tim nghiém gan dung cua cic phuong trinh sau bang phuong phap Newton:

51.1. x*—2x*+3x—-5=0 trén [1;2] voi do chinh xac toi & = 107,

51.2. x*—x-10=0 trén [1;2] voi do chinh xac toi € = 107,
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Chwong 2. PHEP TiNH TiCH PHAN HAM MOT BIEN
Bai 6. TICH PHAN BAT PINH
6.1. Khai ni¢m tich phan bat dinh
a. Pinh nghia.

Cho ham sé f(x) xac dinh trong khoang (a,b). Ham sé F(X) xéc dinh trong (a,b)
duoc goi 1a nguyén ham cua f(x) néu F kha vi trén (a,b) va F'(x) =f'(x), Vx (a,b).
b. Tinh chét.

Tinh chat 1.

Gia st F kha vi trén (a,b) va F la nguyén ham cua ftrén (a,b). Khi do:
(i) F(x)+C ciing la nguyén ham cua f(x), véi moi x €(a,b), trong d6 C la hing sé tuy y.
(ii) Nguoc lai, moi nguyén ham cua f(x), x €(a,b) déu c6 dang F(x)+C.
Khi do, ta ky hiéu nguyén ham cua f(x) la If (x)dx : doc 14 tich phan bat dinh cua f(X),
tuc la:

jf(x)dx =F(x)+C.

Tinh chét 2.

(i) Néu F 12 nguyén ham cua f va hang s6 o # 0. Khi do:

j of (X)dx = a j f(x)dx = aF(x) +C..
(ii) Néu F, G lan luot 1a nguyén ham cua f, g; va o,p 13 2 hing sb. Khi dé:
j [af (x) +Bg(x)]dx = aF(x) +BG(x) +C.

Tinh chat 3.

Mot ham sb f(x) xéac dinh, lién tuc trong (a,b) thi c6 nguyén ham trong khoang dé.

c. Bang tich phén cac ham s6 thong dung.

o+l dx X
[xdx=2—1+C ax-1; [==Inx+C; [a*dx="—+C;
a+1 X Ina
jexdx:eX+C; Icosxdx=sinx+c; fsinxdx:—00sx+c;
dx dx
I >— =tanx+C; j_z =-cotx+C; fj—lentan—+C;
COS”~ X sin‘ x sinX
dx X T dx X-a
—~ —Inltan| 2+ = |+C: =—1n + —arctan—+C
COSX (2 4j Ix2—a2 2a |x+a -[x?"+a2 a a

'f\/i—arcsm +C; _f\/::(TB=|n(x+«/x2+B)+Ci
J\/az —x? dx:%x»\/a2 —x? +a—22arcsin§+c;
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J.«fx2+[3 dx=%[x~/x2+ﬁ +BIn x+«/x2+BH+C

6.2. Cac phuong phap tich phan

Gia sir can tinh tich phan | = If (x)dx.

a. Phép ddi bién. Néu tich phan can tinh duoc bién ddi vé dang | = Jf [u(x)]u'(x)dx, vei
u(x),u'(x) lién tuc. Ta dat: t=u(x) = dt=u'(x)dx. Khi do:

= [ [u()]u'(x)dx = [F(t)dt|.

Vidy. Tinh 1= [2& HD: Bt t=1-x; 1=—1-x* +C.

NIE'S

b. Tich phén tirng phan

Gia st u, v 12 hai ham sd kha vi va ¢6 dao ham 1an luot 13 u',v' lién tuc. Khi do:

_[udv =uv —jvdu .

Vidu. Tinh | :J'xcosxdx. bS: I =xsinx+cosx+C
6.3. Tich phan cac ham hiru ti
6.3.1. Tich phan dang _[

X2 +px+q
\ A2 . . s 1 1 1 1
Trwong hgp 1: Néu x“+px+gq=0 c6 2 nghiém «,f thi = [ - j
X-a)(Xx—B) a-P\x-a x-PB
Vi dy. Tinh 1= [0
X®—4x+3
1 1

Truwong hop 2: Néu x?+px+q=0 v nghiém trén R thi =

X% +px+q P2 p?.
X+2) +(g-"—
( 2) €] 4)

Chuy. j :larctan§+c.
x*+a’ a a

Vidy. Tinh 1= [ ps:1=Larcan* 2 c.

X +6X+25 4 4
6.3.2. Tich phan dang IM

X“+px+q

2 2N 2
Mx+N M| Ty M (X+p)+(f‘p) ™M (2X+p) M 2N 1
XC+px+q 2| xi+px+q| 2 X% +pX +q 2 x24+px+q HPRYY X24px+q

Chi y. j%dx= In|f(x)|+C.
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(X +1)dx

Vi dy. Tinh | = [ oy
X" —4X+

6.3.3. Phan tich thanh cac phan thirc don gian

Vidy. Tinh 1, = [ 22 dx; 1, = X2 +2x+6
18 1 x2(x+l) v 12 (X-D(x—-2)(x—4)

(x-0°(-4)°|

(x-2)'
6.3.4. Tich phan dang _[ sin(mx)cos(nx)dx, _[cos(mx)cos(nx)dx, J' sin(mx)sin(nx)dx :

pS:1, =3[ Xdi(l—7j Xd_xz +5[ Xd_x4 —In

Dung c4c cong thitc lugng gidc: COS0COSP = %[cos(a +B)+cos(a—P)];
sinasinP = —%[COS(OL-FB) —cos(a—B)];  sinacosp = %[sin(ochB) +sin(o.—B)].

Vidu. Tinh | :jsin2xc035xdx .DBS: 1 =—ﬁcos?x+lcossx+c.
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Bai 7. TICH PHAN XAC PINH

7.1. Bai toan di¢n tich hinh thang cong
Cho ham sb f(x) lién tuc, khong 4m trén y
doan [a,b]. Tinh dién tich hinh thang cong _—
aABD gi61 han boi truc Ox, dudong cong
y=f(x) va 2 duong thang x=a; x=b. A

Chia tuy y doan [a,b] thanh n doan bé1 cac

diém chia:

a=X, <X, <X, <..<X <X =h O axx XX X, %nab
Tir cac diém chia Ay, dung cac doan thing
vudng goc véi truc Ox. Khi do, hinh thang
aABb dugc chia thanh n hinh thang cong nho.
Dién tich hinh thang cong nhé thir i ¢6 thé xem gan dung bang dién tich hinh chit nhat c6
kich thudc 1a Ax; =X, —x; va f(&), voi & 1a mot diém bat ky trén | x;,X;,; |. Do d6, dién

tich S cua hinh thang cong aABb dugc x4p xi bang:
n-1
S, = F(£)AX, +F(E)AX, +F(E)A%, + .+ F(E, )AX, , = 3 F(E)AX;
i=0

Nhan xét rang, néu do dai cac doan AX; cang nho thi sy khac nhau gifta S va S cang it.
Do d6, dién tich S cua hinh thang cong aABb dwgc xem 1a gi¢i han cta tong S, khi

max AX; —0:

S= lim S, = lim nz_lf(&,i)Axi.
i=0

max Ax;—0 max Ax;—0
7.2. Dinh nghia tich phan xac dinh.
Cho ham s6 xac dinh va bj chan trén [a,b]. Chia mét cach tury ¥ doan [a,b] boi cac diém
chia: a=X,<X; <X, <..<X,,;<X,=Db.

Trén mdi doan nhod [Xi,xmj , lay mot diém & valap tong:

Ly =T (G)AX, +F(E)AX, +T(E)AX, +... +F(E1)AX, , = nif(ii)AXi :
i=0

Néu ton tai gidi han | = nim I, khong phu thudc vao cach chia doan [a,b] va
Q0
max Ax;—0

cach chon diém g; trong [Xi X +1] , thi | goi 1a tich phén xdc dinh ctia ham s6 f(X) trén
b
[a,b], ky hiu 1a j f(x)dx . Khi d6 ta n6i ring f(x)kha tich trén [a,b].

Nhan xét.
+Néu ham s6 f lién tyc trén doan [a,b] thi fkha tich trén [a,b].
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+ Néu ham sd fbi gian doan trén [a, b] , nhung s6 diém gian doan la hiru han va f bi chan
trén [a,b] thi f van kha tich trén [a,b].
+ Viéc tinh tich phan xac dinh tryc tiép bang dinh nghia kha phuc tap, ngay ca khi ham
s6 dudi dau tich phan 14 ham sd so cap. Dé thuan loi trong tinh toan, ngudi ta thudng ap
dung cac tinh chat va stir dung cic phuong phap giai don gian hon.

7.3. Tinh chit.

Gia st cac tich phan xac dinh sau day tdn tai. Khi do:

i) jb‘kf (x)dx =k.Tf(x)dx , (k 1a hang sd); ii) i[f (x) +g(x)]dx :if(x)dx +fg(x)dx ;
iii) jb‘f(x)dx =jf(x)dx + .tff(x)dx ; iv) Néu f(x) >0, vx e[a,b] thi
.Tf(x)dx >0;

b b
v) Néu f(x) > g(x), Vx [a,b] thi j f(x)dx > j g(x)dx ;
vi) Néu m<f(x) <M, Vx e[a,b] (v6i m, M 1a cac hing s0) thi:
b
m(b—a) < jf(x)dx <M(b-a).

7.4. Cong thirc Newton-Leibnitz.

Néu F(x) la nguyén ham cuia ham s6 f(x) lién tuc trén [a,b] thi:
b b
[Fo)dx = F(x) , =F(O)-F@).

% dx
Vidu. Tinh I = | —.

1 X
7.5. Cac phuwong phap tinh tich phan xac dinh
a. Phwong phap doi bién so:

Xét f(x) 1a ham s6 xé4c dinh va lién tuc trén [a,b]. Néu ton tai ham @(t) xdc dinh, lién

tuc trén [a,B] thoa min cac didu kién: (o) =a, @(B)=b va o (t) lién tuc trén [a,B] thi:

b B ‘
j f(X)dx = j flo(t)]o (t)dt].

1
Vi du. Tinh |=j\/l—x2dx. HD: Dit X =sint; |=§.
0

b. Phwong phip tirng phin:

Gia str u(x) va v(x) 1a nhitng ham sb c6 dao ham lién tuc trén [a,b]. Khi do:
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1
Vidu. Tinh | = jxede. bS: 1=1.
0

Tudv =(uv)

a

b Tvdu :
a
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Bai 8. UNG DUNG HINH HQC CUA TiCH PHAN XAC PINH
8.1. Di¢n tich hinh phing trong h¢ toa d§ vudng goc
a. Truong hop hinh phang gi6i han béi duong cong y =f(X) lién tuc trén [a,b], truc Ox va

cac duong thang X =a, X = b thi dién tich dugc tinh boi:

b
S=[If(x)|dx]. (8.1)

Vi du. Tinh dién tich hinh phang giéi han bai duong 5

y:X2—2X,trucOxvéhaidu’c‘>‘ng x=0, Xx=3.

2 3
S= —J.(x2 — 2x)dx Jr_[(x2 —2x)dx = 8
0 2 3

b. Truong hop hinh phang giéi han béi hai dudng cong lién tuc y =f,(x), y =f,(x) va hai

duong thang X =a, X =b thi dién tich 1a:

b
S= j [£,(x) —F, ()l | (8.2)

Tuwong tu, trudng hop hinh phang giéi han béi 2 dudng cong lién tuc X =g,(y), X =9,(Y),
va 2 dudng thang y =c, y =d thi dién tich la:

d
S=[lo.(y) - 9,(y)dy|. (83)
C

Vi du. Tinh dién tich hinh phang gi¢i han bdi parapol
y =x? +1 va duong thing X +y =3.

S= Jl.[(—x+3)—(x2+1)de:%.

-2 X

8.2. Dién tich hinh quat trong h¢ toa cuc
Dién tich hinh quat cong trong hé toa do cuc, gidi han boi duong cong r =r(@) lién tuc

trén [o,B] va hai tia ¢ =, @ =P duoc tinh boi cong thirc:

s- 1120 (8.5)
—Eir (p)do|. .
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Vi du 1. Tinh dién tich m¢t niva hinh tron X2 + y2 =4,

Viét ntra hinh tron trén duéi dang toa d¢ cuc:

r=2,0<¢p<m.Taco: S=%I4d(p=2ﬂ: (dvdt).
0

Vi du 2. Tinh dién tich hinh phing giéi han boi dudng
Lemnixcat: r’ =4c0s2¢.

) 1 TE/4 ] TC/4
Ta c6: S, =3 I (4cos2¢)de =sin2¢ —n/4: 2.
—n/4

S=2S, = 4(dvd).

8.3 P dai cung dwong cong phing

877 ////,//Syz/////
7 Y 7 %7 77

r2=4c0s2¢p

o3y 2 7 <
.

077
2,74

Trudng hop f(X) 1a ham s6 c6 dao ham lién tuc trén doan [a,b], khi d6 do dai | cua cung

duong cong AB ctia phuong trinh y =f(x), a <x <b dugc tinh bai:

|=i,/1+(f'(x))2dx .

Vi du. Tinh d6 dai cung dudng cong y = \/X_3 tir diém
0(0;0) dén diém A(4;8).

ERPN 4
Tacod: y=x2,y 3w 1= f1+gxdx=£(10\/1_0—1).
2 5 4 27

8.4. Dién tich ciia mat tron xoay

a. Xétham s6 f(x) c6 dao ham lién tuc trén [a,b]. Quay cung duong cong 'y =F(x),

(8.6)

a <X <b, quanh truc Ox, ta dugc mdt dién tich (ciia mét tron xoay) dugc xac dinh boi:

S— zni i (x)|4f1+ (£ 007 dx|.

(8.9)

Twong tu, khi xét g(y) c6 dao ham lién tuc trén [c,d], quay cung x =g(y), c<y<d,

quanh truc Oy, ta nhan dugc cong thuc:

d
s=2n[lol\1+[g ] o],

(8.10)
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Vi du. Tinh dién tich mat tron xoay tao nén khi
quay cung y=x°, —1<x<1, quanh truc Ox.

HD: k
Khi quay cung da cho quanh tryuc Ox, ta dugc

mot khoi tron xoay:

S- 2nj|f(x)|41+[f'(x) * dx

1
= 471.[X3\f1+ ox* dx = %(10\/1_0—1).
0

b. Trudng hop cung dugc cho boi phuong trinh tham sb: X = ¢(t), Y = w(t), véi o <t <PB,
trong d6 ¢(t), y(t) co dao ham lién tuc trén [o,B]. Khi d6 cong thirc tinh dién tich (mat

tron xoay) quay quanh truc Ox la:

S= 2nf|w(t)|\/<p(t) ] al. (8.11)

Vi du. Tinh dién tich mat tron xoay tao bo1 duong y
Astroid: x =cos’t, y=sin’t, 0<t<2n, quay

quanh tryc Ox.

2 67
HD: S, =2n _[ M\/ X (t) Y(t) =5 B
S=2§, 212_75 (dvdt).

8.5. Tinh thé tich vt thé
a. Thé tich vat thé tron xoay.

Xét hinh duoc gi6i han boi dudng cong y =f(X) lién tuc trén [a,b], truc Ox va 2 duong
théng X =4, X =Db. Quay hinh gii han éy quanh truc Ox, ta dugc mdt thé tich (cua vat thé

tron xoay) xac dinh boi cong thirc:

b

b
V =n[y?dx = n[[f ()] dx|. (8.12)

a

Twong tw, khi quay hinh gi6i han boi dudng cong X =g(y) lién tuc trén [c,d], truc Oy va 2
duong thing Yy =c¢, y=d quanh truc Oy, ta nhan dugc cong thic:

d d
V =n[x?dy = [ [g(y)]'dy|. (8.13)

32



Todn cao cdp Al

Vi du. Tinh thé tich vat thé tron xoay, tao nén khi quay hinh Y
2 2

y

2161 han boi duong elip Z)l(_6 + ry =1, quanh truc Ox.

4 4
9
HD: V=rn|y’dx=m [— 16 —x* }Jx =18r.
Jyox=ngte )
b. Thé tich ciia vt theo dién tich da biét ciia cac thiét dién ngang.
Gia str dién tich thiét dién cua vat thé tao ra do mat phéng vudng goc voi truc Ox dugce
biéu thi nhu 1a ham s6 duéi dang S=S(x), a <x <b, khi d6 thé tich phan vt thé bao gom

giita cac mit phang vudng goc véi truc Ox 1a X =a, X = b, duoc tinh theo cong thirc:

b
V = [S(x)dx|. (8.14)

Vidu 1. Tinh thé tich cta hinh cau tdm O, ban
kinh R=3.

HD: Cit hinh cau boi mot mat phang, vuéng goc

v6i truc Ox tai diém x, ta duoc thiét dién 1a hinh
tron tdm A ban kinh AB. Trong tam giac OAB, ta
c6: AB* =0B* —0A? =9—x*. Do d¢:

S(x) = TAB? = (9—-X*).

Ap dung cong thtic tinh thé tich trén, ta nhan

duoc:

V= js'S(x)dx = f[n(g - xz)}dx =367 (dvtt).
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Bai 9. TICH PHAN SUY RONG
9.1. TICH PHAN SUY RONG VOI CAN O VO HAN (loai I)
a. Dinh nghia.

Gia str ham sb f(x) xéac dinh trén [a;+00) va kha tich trén mdi doan hiru han [a,b]. Ta

dinh nghia:

400

[ £(x)dx = lim

t—>+0

jf(x)dx

a

(9.1)

va goi 14 tich phén suy réng ciia ham sb f(X) trén [a;+00). Tich phan suy rong do duoc goi

13 hoi tu khi gidi han trong vé phai cta (10.1) ton tai va hitu han. Trong truong hop nguoc

lai, ta n61 n6 phan ky.

Tuong tu, ta dinh nghia tich phan suy rong ctiia ham sé f(x) trén (—o0;a]:

a

[ f(x)dx = lim }f(x)dx

—00

va trén (—oo;+oo) la:
[ F()dx = [ F)dx + [ F(x)dx :tlirpjf(x)dx + lim [(x)dx
—0 —o0 a t a

b. Cong thirc Newton — Leibnitz.

Goi F(x) 1a mot nguyén ham cta f(x) va ky hi¢u F(+o0) = lim F(X), ta c6 cong thirc:

+00

+00
[ fO)dx = F(x)| = F(+0) - F(a) .
a
Tuong tu:
a a ° 400
[fO0dx=F(x)|" =F@)-F(-) va [fdx="F(x)|  =F(+wo)—-F(-).
—00 —00
Todx S dx odx T T
Vidu.Tinh I, = | —; I, = | —; |, = PS: L =—LL=—:l,=mn
: ! -([1+x2 2 _-[01+x2 3 _-[(31+x2 e

c. Tiéu chuin so sanh
Pinh Iy 1. Cho hai ham sé f(X),g(x) lién tuc trén [a;+00) thoa man diéu kién:

0<f(x) <g(x), Vx €[a;+). Khi do:

(i) Néu j g(x)dx hoi tu thi j f(x)dx héi tu.

(i) Néu [ f(x)dx phanky thi | g(x)dx phan ky.

(9.2)

(9.3)

(9.4)
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Vi du. Xét sy hoi tu cua tich phan suy rong I

X +J_
1 1
3 +lx X

Pinh Iy 2. Cho c4c ham s6 f(x),g(x) lién tuc, duong trén [a;+00). Gid sir ton tai

HD: Vi moi X €[1;+00) taco: 0<

(i) Néu k e (0;+00) thi cac tich phan suy rong J f(x)dx, I g(x)dx cung hdi ty; hodc la
cung phan ky. (Ta noi chiing ¢ cing ban chit)

(i) Néu k=0 va j g(x)dx hi tu thi j f(x)dx ciing hoi tu.

(iii) Néu k=00 va [ f(x)dx hoi tuthi [ g(x)dx cing hoi tu.
Hé qua 1. Cho cac ham s6 f(x),g(x) lién tuc, duong trén [a;+o0) va f(x) ~g(x) khi

X —>+00. Khi d6 céc tich phan suy rong I f(x)dx, I g(x)dx c6 clung ban chat.

; . 1 .
H¢ qua 2. Cho ham s6 f(x) lién tyc, duong trén [a;+o0), véi a>0 va f(x) ~ — khi
X

X — +00. Khi dé:

(i) Néu o>1 thi j f(x)dx hoi tu.
(i) Néu o<1 thi j f(x)dx phan ky.

+00
Picbigt: | d—’p‘ hoi tu khi p>1, phan ky khi p<1.
X
a

Vi du 1. Xét sy hoi tu cua tich phan suy rong jx—”dx. HD:X—+31~L3=il khi
L ¢ NSNS

X —> +00,

Vidu 2. CMR tich phan | = j sinx dx hdi tu

/2
J I smx =1, +1,. D& thay I, hoi tu (do Ilmm—l hiru han).
X

0
0 2 > X
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bat u :1, dv =sinx, khi do: 1
X

dx : hoi tu.

+00
COS X
2= I 2

/2

Toém lai, tich phan da cho hoi tu.

9.2. TICH PHAN CUA HAM KHONG BI CHAN (loai II)

a. Dinh nghia.

(i) Néu ham sb f(x) lién tuc trén [a,b) va khong bi chin tai b, nghia 14 Jim (x) =oo (khi

d6 x =b goi 1 diém bat thudng cua f(x)), thi ta dat:

.Tf(x)dx = tIirp_j.f(x)dx .

Néu tich phén trén ton tai thi ta goi d6 1a tich phéan suy rong loai 2.

(i) Tuong tw, néu ham sé f(x) lién tuc trén (a,b] va khong bi chan tai a, nghia la
lim f(x) = oo (khi d6 X =a goi la diém bat thudng cua f(x)), thi ta dat:

X—>a

b b
[FO0dx = lim [f(x)dx.
" t—a f
(iii) Néu ham s f(x) khong bi chan tai diém ¢ € (a,b) va lién tuc trén [a,b]\{c} thi ta dit:
b c b t b
jf(x)dx :If(x)dx+_|-f(x)dx = lim jf(x)dx+ lim jf(x)dx.
a a c t—>c a t—ct t

b. Cong thirc Newton — Leibnitz
(i) Néu ham sé f(x) lién tuc trén [a,b) va c6 diém bat thuong 13 x = b thi

b
[f(x)dx = F(x)

® _Fb)-Fa)
a

trong d6 F(b™) = Iinbﬁ_ F(x)
X—>

(ii) Néu ham so f(x) lién tuc trén (a,b] va co diém bat thuong 1a x =a thi

b
_=F(b)-F(@")
a

b
[f(x)dx = F(x)

trong d6 F(a") = lim F(x).
X—>a

xdx

1

.DS: 1=8/3.

2
Vi du. Tinh tich phan | :I
1

¢. Tiéu chuén so sanh
Pinh Iy 1. Gia str f(x), g(x) lién tuc, duong trén (a,b], c6 diém bat thuong 1a X =a va
0<f(x)<g(x), Vx e(a,b]. Khi dé:

b b
(i) Néu j g(x)dx hoi tu thi j f(x)dx hoi tu.
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b b
(ii) Néu j f(x)dx phan ky thi j g(x)dx phan ky.
Vi du. Xét sy hoi tu cua tich phan | =
P '[ \/; +4x°
1
HD: —<—, vx e (0;1].
Fead g O
Pinh Iy 2. Cho cac ham sé f(X),g(x) lién tuc, duong trén (a,b], c6 diém bat thudng la
x =a. Gia st ton tai lim 69 = k. Khi do:

x—at g()()

b b
(i) Néu k € (0;+00) thi céc tich phan suy rong j f(x)dx, j g(x)dx cung hoi tu; hodc 1

cung phan ky. (Ta noi chiing ¢ ciing ban cht)

b
(i) Néu k=0 va jg( x)dx hoi tu thi If x)dx cting hdi ty.

(iii) Néu Kk = +o0 va I f(x dX hoi ty thi I g dX cling hoi tuy.
H¢ qua 1. Cho cac ham sb f(x),g(X) lién tuc, duong trén (a,b], c6 diém bat thuong la
x =a va f(x) ~g(x) khi x —a". Khi do cac tich phan suy rong jzf(x)dx, jlg(x)dx co
cung ban chat. a a

Hé qua 2. Cho ham s6 f(X) lién tuc, duong trén (a,b], va f(x) ~ Xi“ khi x —>a". Khi do:

b
(i) Néu o<1 thi j f(x)dx hoi tu.

b
(i) Néu a>1 thi j f(x)dx phan ky.

b
X (a<b) hoi tu khi p<1, phan ky khi p>1.

2 (X— a)p J.(b_x)P
Vi du. Xét sy hoi tu cia tich phan | = I Md

smx

Pac biét: I

HD: In(L+3/x%) ~ ¥x® va €™ —1~sinx ~x khi x >0 .
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Bai 10. TINH GAN PUNG TiCH PHAN XAC PINH

y
10.1. Cong thurc hinh thang T T B
b
Gia sit cAn tinh tich phan |:= j f(x)dx , trong
‘ o Voo |V
do f(x) la mot ham s6 xac dinh lién tuc trén
[a,b]. T
Ta chia doan [a,b] thanh n doan con bing nhau
bdi céc diém chia X,
: b-a :
A=Xy <X <X, <..<X; <..<X, <X, =b; X,=a+ih; h :T; i=012,..,n.
b Xy Xy Xy
Pat y; =f(x;). Taco: [F(x)dx = [F()dx+ [FO)dx+...+ [ F(x)dx.
a Xo Xy Xn-1
n YotV o atYe op YortYs
Trong do: Jof(x)dx ~h 22t ;[f(x)dx Sh222 lef(x)dx ~h et
A YotY . b-a
Viay 1~I;=h T”+y1+y2 +..4+Y,, |, VOi h ==
Véi sai s6: |I -1 |<&h2(b—a) trong d6 M, = max ‘f(x)‘
12 ’ 27 xelab]
1
Vi du. Tinh gin ding tich phan | = I:L(j—xz , theo cong thirc hinh thang (chia [0;1] thanh 10
o1+ X
khoang bang nhau).
. b-a 1 3o . oy
V6in=10; h=——= ) =0,1. Bang tinh toan, ta c6 bang sau:
n
X 1 X 1
f(x) = f(x) =
09 1+x° () 1+x°
X, =0,0 Y, =1,0000000 Xs =0,6 Yy = 0,7352941
x =0,1 y, ~0,9900990 x, =0,7 y, ~0,6711409
X,=0,2 y, =0,9615385 Xg =0,8 Yye = 0,6097561
X, =0,3 y, ~0,9174312 X, = 0,9 y, ~0,5524862
X, = 0,4 y, ~0,8620690 X, =1,0 Y., ~0,5000000
X, =0,5 y, ~0,8000000

Cong thire hinh thang: 1~ 1 = h[%wl +Y,+Y3+Ya+Ys+ Y+ Y7+ Vs +y9} =0,7849815 .

10.2. Cong thirc Simpson
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Bay gio ta chia doan [a, b] thanh 2n doan con bang nhau bai cac diém chia X;:

=X, <X; <X, <..<X; <..<X,; <X, =b; X =a+ih; h:?; i=012,..,2n.
n
b Xy Xy Xon
Pat y, =f(x;). Khi do: If(x)dx=j.f(x)dx+.|'f(x)dx+...+ [ fo)dx.
a Xo Xy Xon-2
Nguoi ta chimg minh dugc rang:
b-a

h iy
IS:5[(y0+y2n)+4(y1+y3+...+y2n71)+2(y2+y4+...+y2n72)], voi h==—=.

Q

. M
, - - AL . < 4 Wo _ . — (4)
Vi sai s0: |I IS| <180 h*(b—a), trongdo M, : x@}%]‘f (X)‘.

Nhén xét rang, cong thirc Simpson hdi tu nhanh hon c6ng thitrc hinh thang.
1
Vi du. Tinh gan dung tich phan | = J.ld—xz, theo cong thirc Simpson (chia [0;1] thanh 10
+ X

0

khoang bang nhau).
: - 1 .
Véi n=5; h= % = ) =0,1 ta c6 bang nhu phia trén va theo cong thirc Simpson:
n

h
I~ g :g[(yo +y10)+4(y1+y3+y5+y7 +yQ)+2(y2 +¥Y,+Ys +y8):|:0,7854.
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TICH PHAN BAT PINH
6.1. Tinh cac tich phan sau:

BAI TAP CHUONG 2

a).'[(2x+1)20dx; b).jx2 x® +5dx C).Ide; d). J- xdx
X x2+1°
sin 2xdx L X w2 X 4dx xdx
e). | —=—22 ). | (2sin=+3)“ cos—dx - h), | ——:
)J.«/3—cos4x I 2 2 %) J ) J.x4+2x2+5
N J- e dx N J-»\3/1+lnx d
e4x _5 ! J J X
6.2. Tinh cac tich phan sau:
a).jxsinxdx; b).szexdx; c).jexsinxdx; d).IxInxdx;
6.3. Tinh cac tich phan sau:
(x +2)dx (x +1)dx
b). ; C).|—————; d). | ——;
a)-[ 6x+18 J‘x +4x+7 )I5x2+2x+1 ) IX2—5X+4
xdx
e).| ————; |——; h. | ——;
)IX2+4X—5 )I2X2—4X—5 g)'[ 5X+4 ) Ix4+6x2+13

6.4. Tinh cac tich phan sau:

a). jsin 3xsinxdx ;

TICH PHAN XAC PINH
7.1. Tinh cac tich phan sau:

a). jxe‘xdx ;

d). [ (x +1)cosxdx;;

O'—.N\?—i

/2

0). f x?sinxdx ;
0

b).fsiansiandx;

/3

b). j

/4

xdx
sin?x’

€
e).jx3lnxdx;

/2
h). J' (x* +2x +3)cosxdx ;
0

C). Icos 5x cos3xdx ;

d)._[cosicosidx.
2 3

C). I xarctan xdx ;

f).j'(x—l)exdx;

2

a

|n\/_dx

) '—-.h\

8.1. Dung dinh nghia tich phéan suy rong loai 1, tinh céc tich phﬁn sau:

TiCH PHAN SUY RONG
+00 +oo
dx
a). : b).
) é[xln3x ) -[
+00 dX

L xr)(x+2)

f)'T xdx ;
0 \/(4X2 + 1)3

dx

oo

8'—.0

x* +2x +5

9. I9+x.
+00

h). xdx _;
2 (x2—3)
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8.2. Xét su hoi tu cua céc tich phan sau:

+00 +00 .
cos xdx sinxdx
a). ;Z it b). {2 N c).
TC TC
+00 +00
dx dx
e). ; | ———; .
) {1+x10 ) -([1+2x2+3x4 9)

8.3. Dung dinh nghia tich phan suy rong loai 2, tinh cac tich phan sau:

¢ dx ¢ dx " d
a).! — b)..([m, c).£E
h [ X g
8.4. Xét sy hoi tu cua cac tich phan sau:

¢ dx fodx . F dx
a)'le‘f’ﬁ—l; b)'-([x+sinx; El IHtanX

TiINH GAN PUNG TIiCH PHAN XAC DINH |

+00 2 T 2
[ ax: 0 [ ax
X
J 1
400 dx T dX
J.—'Z ! h)'[
| X +sin’x 3 VX(x=D)(x-2)
. €
dx ax
Y A |
’ ).(|)‘:I-_X3 ) .:[X.SInX
. .l[SInx+cosx : e)f i X?”
0 ﬂ | o

9.1. Dung cong thirc hinh thang va cong thirc Simpson, tinh gin ding cac tich phan sau:

5
a). | = I;j—x, khi chia doan [2;5] thanh 6 khoang bﬁng nhau. DS: I, ~2,60903; |, ~ 2,59084 .
nx

s

3
b). I = j Jeosxdx , khi chia doan

0

[O;g} thanh 10 khoang bang nhau.
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Chuong 3. PHEP TiNH VI PHAN HAM NHIEU BIEN
Bai 11. KHAI NIEM HAM NHIEU BIEN — GIOI HAN —
SU LIEN TUC

11.1. Khai ni¢ém ham nhiéu bién.

Dé don gian, cac van dé dugc trinh bay cho ham sé 2 bién sb. Truong hop tdng quat s&
dé cap thém néu can thiét.
a. Pinh nghia.

Cho EcR?. Quy tic f: E >R, (xy)—f(xy) goila mot ham s6 ciia 2 bién so.
Tap {f(xy)| (xy) €E} goi 14 tap gia tri cia ham s0.
Tap xéc dinh ctia ham sé z =f(x,y) 1a tp hop nhiing cip diém (x,y) sao cho biéu thirc
f(x,y) c6 nghia.
Vi du. Tim tip xac dinh ciia ham sé f(x,y) = 1-x2—y2.
b. Do thi ciia ham 2 bién s
D6 thi cia ham s6 z =f(x,y) xac dinh trén
E c R? 14 tap hop cac diém M(x,y,z) e R
(1a mot mét mat trong R?)

Vi du. Ham s6 z=x?+y? x4c dinh trén R?

c6 d6 thi 12 mot mit paraboléit eliptic tron

xoay.
11.2. Gi6i han ciia ham hai bién
a. Dinh nghia.

+ Ta néi diy diém (x,,y,), N=12,...dan dén (x,,y,) € R? néu

1im (¢, =Xo)” + (¥, ~Yo)” =0,k hiéu 1d (X, Y) = (Xo.¥o) .
+ Cho ham s f(x,y) x4c dinh trén tdp D < R? chira diém (X,,Y,), c6 thé trir diém (x,,Y,) .
Tanoi L 1a giéi han cta f(x,y) Khi (x,y) = (Xo,Y,) néu

V(Xn.Yn) €D,(Xn,¥n) # (X0, Yo) = lIMF(x,,y,)=L.

Ky hiéu: lim f(Xx,y)=L hodac Ilimf(x,y)=L.
y bigu: m o (X,y) odc o (X,y)
0

b. Cha y. Néu (x,y) — (Xo,Yo) theo hai huéng khac nhau thi ma f(x,y) dan dén cac gia tri
khac nhau thi f khong ton tai gidi han tai (X0, Yo) -

Vi dy. Chimg to réing khong tdn tai gi6i han lim—22— .

x—0 X° +
y—0 y

HD: Xét (x,y) — (0,0) theo hai duong thang y=x va y =2x.

c. Cach tinh gid¢i han.
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+ Bién do6i:

2y

2 X+y
Vidu. Cho f(x,y)=(1+xy) . Tinh o im F0y). HD:f(xy) ={(1+xy)xy}
X,y)—>(U,
+ Dung bét dang thuc kep:
Vidu Tinh gidihan 1= fim XY HD: 0<| XY <|y|,¥(x,y) #(0,0)
o SO xy-00 xZ+y? T Ay T o

+Pit 4n phu:

2 2
Vidu. Tinh 1= lim YKt (y =22 +1-1

. HD:DPit t=x*+(y—2)°.
(x,y)—>(0;2) X2 + (y - 2)2 : (y )

11.3. Sw lién tuc ciia ham s6 hai bién
a. Pinh nghia.
Cho ham s6 f(X,y) xac dinh trén mién D. Ta néi rang f(X,y) lién tuc tai diém

(Xo.Y,) € D néu ton tai lim  f(x,y) va:
(x%,y)—>(X0.¥0)

li f(x,y)=f(x.,v.).
ST (x,y) =1(X,,Y,)

Ham s f duoc goti la lién tuc trén tap D néu né lién tuc tai moi diém M eD.
Ham s6 f(X,Y) lién tuc trong mot mién dong gidi néi , thi f gidi néi va dat gia tri lom
nhdt, bé nhat trong mién 4y.
Nhan xét. Tinh lién tuc cua ham s6 2 bién s6 biéu thi cho mait cong lién nét.
o 2 khi (x,y) = (0,0)
Vi du. Xét tinh lién tuc ciia ham so6 f(X,y) =< X* +
0, khi (x,y) =(0,0).

HD: f gian doan tai (0,0).
b. Lién tuc theo tirng bién.
Su lién tuc trong dinh nghia phia trén, goi la su lién tuc theo tap hop bién sb.
Ham f(x,y) dugc goi la lién tyuc tai diém (X,,Y,) theo bién x néu ham mot bién
f(x,y,) lién tuc tai X =X, (Y, =const).
Chua y. Néu f(x,y) lién tuc tai diém (X,,Y,) theo tap hop bién sd thi n lién tuc theo ting

bién s6. Piéu nguoc lai n6i chung khong ding.

Xy ]
, khi (x,y) = (0,0
Vi du 1. Xétham f(x,y) = 15 4y 1 0¥) #(0.0)

0, khi (x,y) =(0,0).
Khi d6 f gian doan tai (0,0) (theo tap hop bién s6), nhung f lién tuc tai (0,0) theo bién x.
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sinxsiny Khi
Vidu 2. Cho f(x,y) = Xy

1, khi xy = 0.

xy # 0

CMR:
(i). Tai O(0;0) flién tuc (theo tap hop bién sb).
(ii). Tai A(L;0) flién tuc theo bién x, nhung khong lién tuc theo bién y.
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Bai 12. PAO HAM RIENG - VI PHAN TOAN PHAN
12.1. Pao ham riéng cap 1
a. Dinh nghia.
Cho f(x,y) 1a mot ham s6 xac dinh trén tp D va (X,,Y,) € D. Néu f(x,y,) (ham sb
theo x) ¢6 dao ham tai X = X, thi dao ham d6 goi 1 dao ham riéng doi véi x ciia ham sb

f(x,y) tai (X,,Y,) va duogc ky hi¢u la:

of . !
8_X(X0,y0) > hoac fx(xo’yo) )

Vay theo dinh nghia dao ham ctia ham s6 1 bién sb, ta co:

fx(xo,yo):A|)|(TO (X, )2))2 (X, yo).

Tuong tu, dao ham riéng doi véi y cta ham sb f(x,y) tai (x,,y,) va dugc ky hiéu 1a

N f(xo’yo +AY) _f(xo’yo)
fy (oY) = lim, A -

Nhu vay, khi tinh dao ham riéng d6i cua f theo bién x, ta chi viéc xem y la hang s6 Va
ldy dao ham cua f dbi véi x; va cach khi tinh dao ham riéng cua f theo bién y ciing twong tu.

Vi du. Tinh cic dao ham riéng cua f(x,y) = 2x — 3y +xy —x2y® +x°y® tai diém (0,1).
ps: T on=3 Fo1=-3.
OX oy

b. Y nghia.

Pao ham riéng f;( (Xo,Y,) biéu dién vén toc bién thién ciia ham sé f(X,y) theo hudng x
tai diém (X,,Y,), twong tw f,(X,,Y,) cling bicu thi toc d¢ thay doi ciia ham s f(x,y) tai
diém (X,,Y,) theo hudng y.

Cha'y. Pao ham riéng ctia ham sb n bién sb (n > 3) duoc dinh nghia twong ty.
12.2. Pao ham riéng cip cao

a. Pinh nghia.

Giasu f., f, co cac dao ham riéng theo x va y. Khi do ta noi (fx)X ; (fx )y (fy)x ; (fy)y

xr ly
1a nhitng dao ham riéng cap hai cta f(X,y).
Ta thuong dung céc ky hiéu sau:

o (of\ o o(of\ o
f), =t =—|—|==—%, f) =f =—|—|= :
A B I (AW W (A BPe

o(of) o&F | _ofef) oF  d%u
S i R

Vi du. Tinh cic dao ham riéng cip hai cia ham s f(x,y) = x%e” + xy?.

Chu y. Cac dao ham riéng cép cao hon, dugc dinh nghia tuong tu.
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b. Pinh Iy (Schwarz): Néu ham sé f(X,y) co cac dao ham riéng f f,x trong mot mién D

Xy
va néu cac dao ham riéng Ay lién tuc tai diém (x,,Y,) € D thi
f (X0, Yo) = £, (X5, o) -
12.3. Vi phén toan phén
a. Pinh nghia.
Cho f(x,y) 1a ham sb xac dinh trén tip D —R?. Cho M,(X,.Y,) V& M(X,+Ax,y, +Ay) la
2 diém thudc D. Néu sb gia Af(x,,Y,) =F (X, +AX, Y, +Ay) —F(X,,Y,) ¢6 thé biéu dién duéi dang:
Af(X,,Y,) = AAX + BAy + 0AX + BAY, (12.1)
trong d6 A, B 1 cac s khong phu thudc Ax,Ay; con oo — 0 va p— 0 khi
(AX, Ay) — (0,0), thi ta ndi f(X,y) kha vitai M,(x,.y,), biéu thirc AAX + BAy goi la vi
phdn toan phan cia ham sb f(X,y) tai diém (x,,y,) tmg véi cac s6 gia AX,Ay va dugc ky
hi¢u df (x,,Y,) . Do do:
df (X, Yo) = AAX + BAy . (12.2)
Ham s6 f duoc goi la kha vi trén tap D néu n6 kha vi tai moi diém thudc D.
b. Nhan xét. Ham s6 f(X,y) c6 thé ton tai cac dao ham riéng tai diém (X,,Y,), nhung
chua chic f(x,y) kha vi tai diém nay.

Xy
Vidu. Cho f(x,y) =4 x*+y?’
0, khi (x,y) = (0,0).

khi (x,y) # (0,0)

CMR tai diém (0;0) f khong kha vi, nhung f c6 dao ham riéng theo cac bién x, y.
f(x,0)-1(0,0)
» :

HD: .(0,0) = lim

x—0
c. Piéu kién kha vi ciia ham hai bién s6
Pinh ly. Néu ham s6 f(X,y) c6 cac dao ham riéng trong mot mién D chira diém
M,(X,,Y,) va néu cac dao ham riéng ay lién tuc tai M, thi ham s6 f(X,y) kha vi tai M, vi
phan toan phan cua f(X,y) duoc tinh bai cong thirc:

df (X0, Yo) =fx (X0, Yo) AX +1, (X0, Yo) Ay . (12.3)

Vi x, y 1a cac bién s doc 1ap nén ta c6 AX =dx, Ay =dy, do d6 cong thirc (12.2) con viét &
dang:

df (Xo,Yo) =i (X0, Yo)dX +1,(Xq, yo)dy|. (12.4)

Vi du. Tim vi phan toan ciia f(X,y) = X* +y* tai diém M(3;4).

DS: df(3,4) = Sdx+ 2y .
5 5
12.4. Ung dung vi phan toan phan vao tinh gin diing
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Gid su f'kha vi tai (Xo,Yo) . Khi do Af(X,,Y,) =T, (Xg, Yo )AX +T, (X4, Y,) Ay + 0AX +BAY .
Khi Ax, Ay kha nho, ta c6 thé xap xi:
AF(Xo,Yo) = T, (Xo, Yo ) AX +1, (X, Yo) Ay,
tuong duong voi:
f(X, +AX, Y, +AY) —T(X0,Y,) =T, (X0, Yo ) AX +1, (X4, Y,)AY .
Suy ra:

f(Xo + AX, Yo +Ay) = F(Xg,Yo) + T (X, Vo) AX + T, (X0, Y0) AY | - (12.5)

Vidu 1. Tinh gin dung A= arctané'—gé.

HD: Xét f(x,y) =arctan>; chon (X,,Y,) = (L1); Ax=0,02; Ay=-0,05; A~0,82.
y

Vi du 2. Khi do ban kinh day va chiéu cao ctia mot hinh non tron xoay ta duoc r=10cm va
h = 25cm . Biét sai s6 mdi l1an do ¢ thé t6i 0,1cm . Hiy tinh sai s6 tuyét dbi 1on nhét khi tinh
thé tich ctia hinh non.
HD: V=2arth: av=2 ars Y ah; |ar <01 |an[<0.1; AV < 20m(cm?).
3 or oh
12.5. Pao ham riéng cia ham hgp
Gia str f =f(x,y) 6 cac dao ham riéng can tinh.
df _of ofdy

a. Né X) thi =—+—
ey =y(x) dx  ox dy dx

Vi du. Cho f(x,y) =x%?, véi y =e*™. Tinh j—i :

df _of dx _ of dy

b. Néu x = x(t t) thi
Cux=x(O. y=y(O) hi =24t "oy dt’

Vi du. Cho f(x,y) =x%?, v6i x =sint, y=t°. Tinh %

c. Néu x =x(u,v), y =y(u,v) thi
of _ofox ofay of _ofox ofdy
U axau 8y8u N Xov 6y6v

Vi du. Cho f(x,y) =x%?, véi X =2u+3v; y=sinu+cosv. Tim ?c %
PS: ? = 6(2u+3v)?(sinu+cosv)® +2(2u +3v)*cosu;
u

% =9(2u+3v)?(sinu+cosv)? —2(2u +3v)*(sinu +cosv)sinv .

12.6. Pao ham riéng ciia ham an

a. Dinh nghia.
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Cho phuong trinh f(X,y) =0, v6i f(X,y) 1a ham s6 x4c dinh trén D = R?. Néu
y =Y(X) la mdt ham s6 xéc dinh trén (a,b) sao cho (x,y(x))e D va f(x,y(x)) =0, véi
moi x thudc (a,b), thi tandi y =y(x) 1a mot ham an xac dinh béi phuong trinh f(x,y) =0.
Vidu. y=+1-x? vd y=—/1—x? 14 hai ham 4n, x4c dinh b&i phuong trinh x2 +y? =1.
b. Dinh Iy.

Cho phuong trinh f(X,y) =0, v6i f(X,y) 1a ham s6 c6 cac dao ham riéng lién tuc trén
D cR? va (X,,Y,) € D 1a mot nghiém ctia phuong trinh. Néu f;, (X,Y,) %0 thi mot s6
&> 0 bat ky du nho, ton tai 8> 0 sao cho:
+V&i mdi X e (X, —8,X, +8), phuong trinh f(X,y) =0 c6 duy nhit mot nghiém
y=Y(X)e(y,—&Y,+¢).
+Ham s6 y = y(X) 12 ham an xac dinh phuong trinh f(X,y) =0, c6 dao ham trén

(X, —98,X, +0), dugc xac dinh boi: y'(X) = —f’.‘(x—’y).
f,(xy)
Vi du 1. Cho phuong trinh x* +y® =1. Pao ham cta ham an y =+1—-x? (xé4c dinh boi
phuong trinh da cho), dugc tinh boi cong thuc y'(X) = —fi‘(x—’y) = _ -
By 2y X
: ) 2 \,2\3 2 2 . dy d’y
Vi du 2. Cho phuong trinh (X +Yy“)” —3(X“ +y)+1=0.Tim i o
2. _ 2 232 . _ 2 2\2 ,,dy_ FX_X
Taco: F, _6x[(x +Y°) —l}, F _6y[(x +Y°) —lJ.Do do: &——Fy——y
dy x
dy_d(o)_fx) W\ Ty | [y
dx> dxldx) dx| vy y? y’ yeo|
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Bai 13. CUC TRI - GIA TRI LON NHAT -
GIA TRI NHO NHAT
13.1. Pinh nghia cuec tri.
Gia sir ham s6 u=F(x,y) xac dinh trén tdp D < R? chira diém M,(X,.y,).
Néu f(M) <f(My), vé1i moi diém M(x,y) du gan M, (M =M,), thi ta néi ham s6 u dat
cwee dai tai diém M, ; khi d6 £(M,) goi 12 gid tri cuc dai cia ham s6 u tai diém nay (goi tat la
cwe dai), cON M, goi 1a diém cuc dai.

Néu f(M)>f(M,), v6i moi diém M(x,y) du gan u
M, (M % M,), thi ta n6i ham sb u dat cuc tiéu tai 0

diém M, ; khi dy f(M,) goi 13 cure tiéu va M, goi 1a “’
u=x2+y?

diém cuc tiéu. V
Cuc dai va cuc ti€u cua ham s6 dugc goi chung Y

la cuec tri. X

Vidu. Ham s6 u=x%+ y* dat cuc tiéu tai diém

(0,0) va gia tri cuc tiéu tai diém nay 13 0.

13.2. Piéu kién can ciia cuec tri
Pinh ly. Néu ham sé f(x,y) dat cuc trj tai diém M, (x,,Y,) Vva tai diém nay, cac dao ham
riéng ton tai thi

£, (X0, ¥0) =0, f,(X0,¥0)=0. (13.1)
Diéu kién kién (13.1) chi 12 diéu kién can cta cuc tri, nd khong phai 1a diéu kién. Tuy nhién
dinh 1y trén cho phép chung ta tim cuc tri tai nhitg diém ma & d6 cac dao ham riéng cdp 1
déu bang 0, chiing goi 1a cac diém ding.
13.3. Piéu kién di cia cue tri
Dinh ly. Gid st My(X,,Y,) 12 diém dirng ctia ham sb f(x,y) va f co cac dao ham riéng cap 2
trong lan can cua diém M,. Dat r=f_(X,,Y,); S= foy (X0, Yo)s t=TF,,(X0,¥,) - Khi do:
1) Néu s? —rt =0 thi chua két luan duoc f dat cuc tri hay khong tai diém M, ;

i1) Néu s°> —rt >0 thi f khong dat cuc tri tai M, ;

s?—rt<0

iii) Néu { thi f dat cuc tiéu tai diém M, ;

r>0

s?—rt<0

iv) Néu { thi f dat cuc dai tai diém M, .

r<o
Vi du 1. Tim cuc tri ciia ham sb f(X,y) =x? +y? +4x—2y +6.
HD: f dat cyc tiéu tai diém (-2;1) va f . =f(-21)=1.

Vi du 2. Tim cyc tri cia ham sé f =x*+2y® —3x -6y,
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HD: f ¢6 4 diém dumg M, (L;1), M,(-11), M,(-1;,-1), M, (L;,—1) . Trong d6 M,(L;1) 1a diém
cuc tiéu; M,(~1—1) la diém cuc dai; con M,(~11) va M, (L;,—1) khong la diém cuc tri.

Vi du 3. Xét ham s6 f(x,y) =x%+ V2.

D& tim dugc diém dimg O(0;0) va tinh dugc s° —rt =0. Do d6, chua két luan duoc f dat
cuc tri hay khong tai diém O(0;0). Tuy nhién ta c6: f(0;0) =0 va f(x,0) >0 khi x> 0;
f(x,0) <0 khi x <0. Nhu vy, ham s khong dat cuc tri tai diém O(0;0).

Vidu 4. Xét ham s6 f(x,y) =1+x%+y*. D& tim duoc diém dimg O(0;0) va tinh duoc

s? —rt=0. Do d6, chua két luan duoc f dat cuc tri hay khong tai diém 0O(0;0) . Tuy nhién ta
co: £(0;0) =1 va f(x,y) >1, V(x,y) # (0;0). Vay f dat cuc tiéu tai diém O(0;0) va f . =1.

Vi dy 5. Xét cyc trj ham s6 f =1— /X2 +y? tai diém (0;0).

Tacé: f, = ﬁ; f, = %ﬁf . Do db, £ khong ¢6 diém dung. Tuy nhién £(0;0) =1
va f(x,y) <1 voi moi (X,y) # (0;0) . Vay f dat cuc dai tai diém (0;0).
13.4. Cyec tri ¢6 diéu Kién

Cuc tri ciia ham u=f(X,y) bi rang budc bdi dicu kién ¢(X,y) =0 duoc goi la cyc tri ¢6
diéu kién.

Pé tim cuc tri ¢6 diéu kién voi rang bude ¢(X,y) =0, ta lap ham Lagrange:

F(x,y) =f(x,y) +2o(X,y)

trong d6 A 13 hang sb (xac dinh phia du6i), va di tim cyc trj ciia ham F.

Tim cac diém dung, bang cach giai hé:

F(x,y) =0 f,(X,Y) + 10, (x,y) =0
F(xy)=0 < {f,(xy)+ip, =0 (13.2)
P(x,y) =0 o(x,y) =0.

Tai mdi diém dimng, ta xac dinh:
d’F = F,dx? + 2F, dxdy + F, dy’
v6i diéu kién cac bién dx,dy lién hé nhau boi hé thirc:
o, dx +@,dy =0, (dx* +dy® £0).
+ Néu d*F >0 thi ham f(x,y) dat cuc tiéu c6 diéu kién.
+ Néu d*F <0 thi ham f(x,y) dat cuc dai c6 diéu kién
+ Néu d*F =0 thi can phai khao sat.
Cach tim cyc trj noi trén, goi 1a phuong phap thira s bat dinh Lagrange.
Vi du. Tim cuc tri ctia ham sd f(X,y) =6—-4x—3y véi diéu kién x? +y? =1. Xét ham

Lagrange F(X,y) =6—4x -3y +A(X* +y*>-1).
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—4+2)x=0
Tim diém dimg bang cach giai hé: { -3+ 2Ly =0
x?+y*-1=0.
A A 5 4 3 5 4 3
G1a1h¢ trendu’qc: 7\.1 :E, Xl :g, yl :g va 7\,2 :—E, X2 :—g, y2 :—g.
o°F = F,,dx? + 2F, dxdy + F, dy? = (21)dx? + 2(0)dxdy + (2A)dy? = 2A(dx? +dy?)
Néu ?\.:g, Xz%, yzg thi d*F >0, nén f dat cuc tiéu tai diém M, (4/5; 3/5).
z 5 4 3. . ez _
Néu K:—E, X:—g, y:—g thi d°F <0, nén f dat cuc dai tai diém M, (-4/5; —3/5).
16 9 16 9
Nhu vay, f . =6+—+—=11vaf _  =6-——=—=1.
uvay max 5 5 min 5 5

13.5. Gia tri 16n nhat va gia tri nhé nhat

Cuc tr1 da dugc gio1 thi€u ¢ cac muc trén, chi mang tinh chat dia phuong. Nghia la,
chung chi 16n hon (hay nhé hon) nhiing gia tri khac ctia ham s6 trong mét 1an can (du bé)
cta diém cuc tri dang x€t, nguoi ta thuong goi d6 1a cuc tri dia phuong. Pé mé rong tinh
chét cuc bd nay, ta hay xét tinh cht cuc tri caa ham sd trén foan b6 mot mién nao do.

Ta nh6 lai rang, néu ham s6 f(x,y) lién tuc trong mot mién dong gidi ndi D, thi nd dat gia
trj 16n nhat (GTLN) va gia tri nho nhat (GTNN) trong mién dy. Néu cac gia trj o dat tai
nhirng diém & bén trong mién D, thi nhiing diém nay phai la diém cuec tri, do do6 chung lai la
diém dung ctia ham sd. Ngoai ra GTLN va GTNN cua ham sd ciing c6 thé dat duoc trén
bién ctia mién D.

Pé tim GTLN va GTNN cuta ham sb f(x,y) trén mién dong gi6i ndi D, ta thyc hién cac
buorc sau:

i) Tinh gia tri f tai cac diém dimg thudéc mién D ;

ii) Tinh GTLN va GTNN cua f trén bién ctiia mién D ;

iii) S6 16n nhat va nho nhét trong cac gia tri da tinh & budc i) va budc ii) 1a GTLN va
GTNN can tim.

Vi du 1. Tinh GTLN va GTNN cia ham sd
f(X,y) =x? +2xy +3y? trong mién déng D, 13 hinh
tam giac co6 cac dinh A(-11), B(2;1), C(-1,-2).
HD: f c6 diém dimg 0O(0;0) .

+ Trén doan AB: {_1SX32 . Do d6

y=1

f(x,1) =x?+2x+3, véi —1<Xx<2.

Trén tap [-1;2], h(x) =x%+2x +3 nho nhat 14 2 (tai x=-1) va 16n nhat 13 11 (tai x =2).
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A =-1 , i
+ Trén doan AC: {X2< <1 .Do d6 f(-1y)=3y*-2y+1, véi —2<y<1.

Trén tdp [-2;1], h(y)=3y?—2y+1 nho nhit 1a 2/3 (tai y=1/3) va lén nhat la 11
(tai y=-2).

y=x-1
-1<x<2

+ Trén doan CB: { . Do do6

f(x;x—1)=x"+2x(x—-1) +3(x -1)* =6x* —8x+3 , véi -1<x<2.
Trén tap [-12], h(x)=6x>—8x+3 nho nhat 1a 1/3 (tai x=2/3) va 16n nhét 1a 17
(tai x=-1).
So sanh cac gia trj da tinh, ta thay:

f . =0, dattai diém 0(0,0); .. =17, dat tai diém C(-1,-2).
Vi du 2. Tim GTLN va GTNN cuia cac ham sé f(X,y)=x*+Yy? trén mién tron dong D:
(x=+/2)* +(y—-~2)* <9.
HD: Piém t6i han (0;0) thudc D. Bién cua D ¢6 phwong trinh (X —/2)% +(y —/2)? =9.
Pit X =+/2 +3cost, y =+/2 +3sint, t [0;2r]. Khi d6:
f =13+ 6+/2(sint +cost) =13+12sin(t + /4).

frax =25 khi t=m/4, tic 1a dat tai x:y=¥;
fin =1 Khi t=5m/4, tirc 1a dat tai X=y=—g.

52



Todn cao cdp Al

BAI TAP CHUONG 3
KHAI NIEM HAM NHIEU BIEN — GIOI HAN — SU LIEN TUC

1.1. Tim mién xac dinh cua cac ham so:

1 1
) X2 1y b). u=In(x"+y” -1); 4—x% —y?
NG yz 72 f B 1 1
d).u=1-2_L _ Z. e). u=Inxy; ). u= + ,
) \/ a? b ) Y JX+y  JYx-y
g). u :\/4—x2 —y? +\/x2 +y* 1.
11.2. Tinh cac gidi han sau:
2 2 . . 1 . 1 2 2
a). lim 3xy” —5X er6; b). lim (x+y)sin=sin= ¢). [im M;
(x,y)—>(0,0) 7xy -1 (x.y)—(0.0) X Yy (xy)=>(0,0) 3x“ + 2y

11.3. Xét tinh lién tyc theo tap hop bién so va theo ting bién s6 ciia ham sd sau:
X%y’
fx,y)=qx*+y*’
0, khi x* +y* =0
PAO HAM RIENG - VI PHAN TOAN PHAN

12.1. Tinh c&c dao ham riéng cép hai cua cac ham sb:

a). f=(x* +y2)2 ; b). f =cos(xy); c). f=x".

khi x* +y* %0 , > ,
tai cac diem O(0;0) va A(L;2).

12.2. Tinh vi phan toan phan cia cac ham: f(x,y)=x"; g(x,y)= «fxs +y°.

Ung dung, tinh gin dung céc biéu thire: a=(1,04)>%; b =1/(1,02)° +(1,97)° .

12.3. Mot tAm thép c6 dang hinh chit nhdt véi chiéu rong 1m va chiéu dai 2m. Khi bi anh
hudng bai nhiét do, tim thép nay bi thay ddi (¢d thé din né thém, hodc cé thé co lai): chiéu
rong thay d6i 2mm, chiéu dai thay d6i 3mm. Hay u6c luong, phan dién tich ting hodc giam
ay?

12.4. Khi do béan kinh day va chiéu cao cua mot khéi gS dang hinh tru, ta dugc ban kinh
r=0,5m va chiéu cao h=2m. Biét sai sd khi do ban kinh 1a 0,2cm ; sai s6 khi do chiéu cao
la 0,3cm . Hay tinh sai s6 tuyét dbi 16n nhét khi tinh thé tich ctia khdi gb trén.

12.5. Khi do céc kich thuéc mot bé chira nude co dang hinh hop chit nhdt ta dugc cac )
liéu theo chiéu rong, chiéu dai va chiéu cao nhu sau:a=2m, b=3mva c=>5m. Biét sai s6
mdi 1an do co thé téi 0,dcm. Tinh sai s6 tuyét di 16n nhat khi tinh thé tich cua bé chira
nudc trén.

12.6. Tinh céc dao ham cua cac ham s6 hop sau:

U2—2V2 L. 2 2
a). f(u,v)=e , Vo1 U =COSX; v=«/x +y°.

b). f(u,v) = In(u? +v2), v6i U = Xxy; v = =
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CUC TRI — GIA TRI LON NHAT - GIA TRI NHO NHAT
13.1. Tim cuec tri ciia cac ham s sau:

a).f =1+6x—x*—xy—-Vy*; 9). f=x+y—xe’
b).f = (x—1)* +2y?; h). f =x®+y®—3xy;
C). f=—xX*—y*+2x+4y+6; D). f=x>—4x*+2y* +5x -8y +1;

d).f =" +xy+y”" ~3x -6y j). f =1y3 +x% =3y +6X +5y —2;
e). f =x’y?(6—-x-y), véi x>0,y>0 3
f).f =4(x—y) - X -y

13.2. Tim cuc tri c6 diéu kién cta cac ham sb sau:

a). f =Xy véi diéu kién x+y=1; b). f =X +2y véi diéu kién x? +y? =5;
13.3. Tinh GTLN va GTNN ciia cdc ham s trén mién D:

a). f(X,y)=x*—xy+y?+x+y, mién D déng giéi han boi hinh tam giac co cac dinh:
0(0;0), A(=3,0), B(0;-3).

b). f(X,y)=x*+3y?+Xx—Vy, mién dong D gidi han bdi cac dudng thang x=1; y=1; va
X+y=1.
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Chwong 4. LY THUYET CHUOI
Bai 14. CHUOI SO
14.1. Cac khi niém
a. Pinh nghia.
Cho diy sd a,a,,....a,,...c R.Téng a, +a, +...+a_+... dugc goi 1a mot chudi sé, ky hicu

Zan ,hodc a,.

n>1
Goi S, =a,+a, +...+a, la tong riéng thir n.

Néu giéi han lim S ton tai hiru han va bang S, thi ta néi chudi hoi tu va c6 tong 14 S.

N—-+00
Tt la:
Za =limS, =S.

n>1 n—oo
Trong truong hop gidi han trén khong ton tai, hodc bang o, thi ta ndi chudi phan ky va
khong c6 tong.
Vi du. Tinh tong S:£+£+£+... HD: S, :1—1.
2 4 8 2"
b. Chudi cap s6 nhan (chudi hinh hoc)

+00
Chuoi cap s6 nhan 1a chudi c6 dang Zaq”’1 . Trong d¢ a, q la cac hang so, vo1 a khac 0

n=1
va:
na, khi g=1
S =a+aq+..+aq" " =4 a1_q"
" 329 g,
1-q
a
Néu |g| <1 thi chudi tu va c6 tong S= lim S, = ——.
N—>-+o0 ]_—q

Néu |g| > 1 thi chudi phan ky.

Vi du. Xét su hoi tu cta chudi s6 Zin

nx1
x X s X <« 1 x.
c. Chuoi Dirichler. Chuoi Dirichler 1a chuoi c6 dang Z—a, trong d6 o € R. Chuoi nay
n N

hoi ty khi o >1 va phan ky khi a <1,

Khi o =1, chudi Z% g0i 13 chudi diéu hoa. Nhu vay chudi diéu hoa phan ky.
n=1

Vi du. Xét su hoi tu cuia chudi Z Dyt

d. Chudi s6 dwong. Chudi s6 duong la chudi sb c6 dang > a, , trong d6 a,>0,vn>1.
n=1
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Nhén xét. Vi ddy tong riéng {S,} ctia chudi s6 duong Y a, ting nén:
n>1

> a, (v6ia,20,vn) hoitu < day {S,} bi chin.
=1
e. Chudi dan dau

+00
Chudi dan dau 1a chudi c6 dang iz (-1)"a,, trong d6 a, >0 véi moi n>1.

n=1

14.2. Tinh chit ctiia chudi sb

Tinh chit 1: Tir chudi Zan , bang cach bo di k s hang dau ta duoc chudi Z a, cocung

n>1 n=k+1

ban chit vi chudi ban dau (tirc 1a cing hoi tu, hodc 1 cing phan ky).

+00 +00
Tinh chat 2: Cho céc chudi D a, va ) oa,, véi aeR.Khido:

n=1 n=1

+00
(i) Néu a=0 thi chudi ) oca, hoi tu.

n=1

+00
(ii) Néu a #0 thi chudi Zocan c6 cung ban chat v6i chudi Zan . Trong truong hop

n=1 n>1

+00 +00
chiing hoi ty, ta co: Zaan = (xZan :

n=1 n=1

Tinh chit 3: Cho céc chudi Y a,, >.b, va > (a,+b,). Khi do:
n>1 n>1 n>1
(i) Néu cé hai chudi Zan , an déu hoi tu thi chudi Z:(an +b,) cling hoi tu, hon nira:

n>1 n>1 n>1

D@, +b)=>a,+>b,.

n>1 n>1 n>1

(ii) Néu trong hai chudi Y a,, Y b, c6 mot chudi héi tu, mot chudi phan ky thi chudi

n>1 n>1
Y (a,+b,) phanky.
n>1
(iii) Néu chudi Y a, hoi tu thi chudi Y (a, +b,) c6 cing ban chat véi chudi D b, .
n>1 n>1 n>1

Chu y. Néu ca hai chudi Y a,, Db, ciung phéan ky thi chua c6 két lun vé ban chat cia

n>1 n>1

chudi ) (a, +b,).

n>1

14.3. Piéu kién cin dé chudi hi tu

~+00
a. Pinh 1y. Néu chudi ) a, hoituthi lima, =0.

N—+o0
n=1

b. H¢ qua. (i) Néu lim a, khong ton tai hodc lima, =0 thi chudi > a, phéanky.

N—+o0 N—+o0
n>1
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(ii) Néu IIm |a | khong ton tai hodc lim |a |7&0 thi chudi Za phan ky.

N—+00
n>1

¢. Chi y. Néu lim a, =0 thi ta chua két luan vé sy hoi tu hay phan ky cia chudi Za

N—-+o0
nx1

n

Vi du. Xét su hoi tu ctia chudi Z(—l)n arctan 2n3 1
) +

.HD: lim |a, |——

N—+o0

14.4. Cac tiéu chuin hgi tu
a. Tiéu chuin so sanh.
Cho hai chudi s6 duong > a,va > b, . Khi do:

nx1 nx1
>'b, hoitu = Y a, hoitu;

(1) Néu a, < bn,Vn =1,2,... thi: n21 n>1
2.3, phanky = > b, phanky.

ozl n>1

(if) a, ~ b, khi N — +o0 (nghia la lim 2o b =1), thi hai chudi Za an cd cung ban

nN—+

1 Y
chét.
an hoi ty = zan héi ty;
(111) Néu I|m =0 thi: n>1 n>1
o b" Y 3, phanky = »'b, phanky.
n>1 n>1

> a, hoity = > b, héi ty;

(iv) Néu lim & _ oo thic n>1 n>1
N—>-+o0 bn Z bn phén k}‘/ = Zan phél’l k}"
n>1 n>1

n n n
3"+4 HD: 3"+4
"+5" 2" +5"

n
Vi du. Xét sy hoi tu cua chudi Z ~ (g) khi N — +o0,

b. Tiéu chuin cin thirc Cauchy.

Cho chudi s6 Za va gia sir ton tai gidi han lim «/ =A. Khi do:

N—>+o0
n=1

(i) Néu A <1 thi chudi ) a, hoi tu.

n=1

(ii) Néu A >1 thi chudi ) a, phéanky.

n=1

+00
(i11)) Néu A =1 thi chua két luan vé su hdi tu cua chuoi Zan :
n=1

Chay. lim%n=1.

N—+00
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2
1 Xe oy a
Vi du. Xét sy hoi tu ctia chudi $6 Z& DS: chuoi hdi tu.

n>1 n" 3"

c. Tiéu chuén ti s6 D’Alembert.

Cho chudi sb Za va gia sur ton tai gi6i han Ilm = A . Khi do:

N—+o0
n=1

an

(i) Néu A <1 thi chudi ) a, hoi tu.

n=1

(ii) Néu A >1 thi chudi ) a, phéanky.

n=1

.
(iii) Néu A =1 thi chua két luan vé sy hoi tu ciia chudi Zan :
n=1

+oo N
n!

Vi du. Xét sy hoi tu cua chudi sb z
~'n"

. BS: chudi hoi tu.
d. Tiéu chuan tich phian Cauchy.

Cho chudi s6 duong Zan . Gia str f(x) 1a ham s6 khong am, lién tuc va giam trén
n=1

[1,+00) sao cho a, =f(n), ¥n >1. Khi do: Zan hoi tu < jf(x)dx hoi tu.
n=1 1

1 +00
Vi du. Xét sy hoi tu cua chudi sb Z— HD: j 1 dx = 4.
= ninn 5 XInx
A 3 — 1 “ 1 A
Hé qua. Zn— hdity & | —dx héity < a>1.
o ! X

n®+1
*dn+2n%+3n+5

Vi du. Xét su hoi tu cia Z[ j HD: Osan’*% khi N — +o0.
n

e. Tiéu chuan Leibnitz.
Néu chudi dan dau iZ(—l)” a, thoa min 2 diéu kién:
n=1
(i) Day so {a,} 1a khong am va giam;
(i) lima, =0,

nN—+o

thi n6 hoi tu va ¢6 tong S thoa man [S|<a, .

Vi du. Xét sy hoi tu ctia chudi Z( n" n* +: : hoi
—~ n* +

Nhén xét. Xét chudi dang Z (_1(3 , trong d6 a € R. Khi do:
n

n=1
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. . x. +o0 _1 n ..
e Néu o> 0 thi chuoi Z( a) hoi ty;
~ n

e Néu o <0 thi chudi Z@ phan ky.
n=1 n
14.5. Héi tuyét dbi va ban hoi tu
a. Pinh nghia.
Chudi ) a, goilahdi ty tuyét dbi néu chudi ) |a,| hoi tu.
1

n=1 n=:

+00 +o0
Chudi D a, goilaban hoi tu (hay hoi ty c6 diéu kién) néu chudi ) |a,| phan ky va

n=1 n=1

+00
chudi ) a, hoitu.

n=1

b. Tinh chit.

+00
2.2,

n=1

+00 +0
Tinh chat 1. Néu chudi ) |a,| hoi tu thi chudi D a, hoity va

n=1 n=1

+o0
< Jay]-
n=1

Tinh chat 2. >’ (-1) (v6i o.e R) hoi tu tuyét ddi khi o >1 va ban hoi tu khi O<o<1.

o

n=1
, . N NN \ x. & n®+4n®+1
Vi du. Xét sy hoi tu tuyét do1, ban hdi tu ciia chuoi Z(—l)n 7 3 .
) n"+2n°+3n+5

HD: |an|~% khi N — 400 ; chudi 1a ban hoi tu.

¢. Nhin xét. Trong cac tiéu chuan cin thitc Cauchy va tiéu chuan ti sé D’Alembert, néu
gidi han A <1, thi sy hoi tu d3 phét biéu ciing 13 sy hoi tu tuyét doi.
Vidu. Cho p>0 va Z(‘l—)“. Tim p dé chudi da cho hoi tu tuyét ddi; hoi tu co didu
n=1 (2n - 1) P
kién ?
11

HD:|a,|~ =

s khi N — o0; chudi hdi tu tuyét d6i khi p>1 va ban hoi tu khi 0<p<1.
n
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Bai 15. CHUOI HAM
15.1. Céc khai niém
a. Dinh nghia

Chudi ham 1a chudi c6 dang
Z u, (x) (15.1)
n=1

trong d6 u, (x) 1a nhitng ham s6 xac dinh trén tap hop X c R. Goi S, (x) 14 tong riéng thi
n ctia chudi.

Chudi (15.1) dugc goi 1a hdi tu tai diém X, € X néu ddy ham sb {S,(x,)} hdi tu tai diém X,

Chudi (15.1) dugc goi 12 hoi tu trén tap X néu nod hoi tu tai moi diém x € X.

Néu day {S,(x)} c6 gidi han la S(x) thi S(x) goi la tong cua chudi. Ttc 1a:

DU (x) =1imS, () =S(x) .

n>1

Vi du. Tinh tong cua chudi ham > x" trong trudng hop né héi tu.
n=1

Vil

HD: S, (x) = 11 X

Xe ot n ) . 1
; chudi hoi ty khi x| <1 va co tong S(X) = <
—X

15.2. Tim mién hdi tu

Dé xét sy hoi tu cua chudi (15.1) tai diém Xq » ta xét su hoi tu cia chudi so Zun (Xo)
n>1

(bang cach ap dung céc tiéu chuan thong thuong).
Tap hop cac diém X, ma chudi (15.1) hoi tu, goi 1a mién ho1 tu cua no.

Viduy 1. Tim mién hdi tu ca chuoi ham ) e™ .
n>1

HD: Véi x,eR tacod: A= r!i_r)r:opﬂun(x0)| =e X0,
Theo tiéu chuan Cauchy chudi > e"™0 hoi tu khi x, >0 va phan ky khi x, <0.
nx1

Tai X, =0 thi ) ™™ =>"1: phan ky. Vay mién hoi tu ctia chudi di cho 14 x e (0;+x).

n>1 n>1

Vidu 2. Tim mién hdi tu ctia cac chudi ham sau:

(). 2(3— Xz)n . HD: Dung tiéu chudn Cauchy; x e (—2,—v2) U(2; 2).
n>1

.. 1 . :
(ii). . o . HD: Dung tiéu chuan D’ Alembert; [x|>1.

15.3. Chuéi liiy thira

a. Pinh nghia. Chudi lily thira 1a chudi c¢6 dang Y a x" hodc Zan (x—a)"

n>0 n>0
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b. Tinh chit.

+o0
(i). Néu Zanx“ hoi tu tai X =X, # 0 thi n6 hoi tu tuyét doi tai moi diém X € (—X,;X, ).
n=0

+00
(ii). Néu Zanx“ phan ky tai X = X, thi n6 phan ky tai moi diém x thuc
n=0

(—o0; X, ) U (Xy;+00).

c. Ban kinh hoi tu.

+00
R4 rang chuoi liy thura Z:anxn ludn hdi tu tai diém X =0. Tu tinh chat trén, suy ra ton
n=0

tai mot s6 thuc R €[0;+00) sao cho chudi trén héi tu tuyét ddi trong khodng (-R;R) va
phan ky trén tap (—o0;—R)U(R;+00). Nhung tai cdc diém X =-R va x =R chudi lily thira
trén chua biét 1a hoi tu hay phéan ky.

SO R néi trén goi 1a ban kinh hoi tu, khoang (—R;R) goi 1 khodng hoi tu cua chudi lity

thura.

Pinh Iy. Cho chudi lily thira & dang »_a,X" hodc Y a,(x—a)".

n>0 n>0
| | 1/p khip>0
Néu lim =" = 5 (hoic I|m1/ =p) thi R=40 khip=tx
nN—+00 |a |
+oo khi p=0.

Vi du. X4c dinh ban kinh hoi tu va khoang hoi tu ctia cac chudi lily thira sau:

:DS:R=+2/3; xe(—2/3:42/3).

(D). HZ;\/—

(ii). D ni(x-5)".DPS: R=0; chudi chi hoi ty tai X =5.

nx1
d. Tim mién hdi tu ciia chudi lity thira
Do chudi lily thira 1a mot trudng hop riéng ciia chudi ham, nén ta van ap dung cac cach da
trinh bay.
, . as , Xe 1 \ X"
Vi du. Xét su hoi tu ciia chuoi iy thura Z— bS: xe[-11).
n

n>1
15.4. Chudi Taylor

Gia str ham f(x) 1a tong cta chudi lity thira:

f(x):= Zan(x—a)” =a,+a,(Xx—a)+a,(x—a)*+...+a (x-a)" +.. (15.2)
n>0

v6i khoang hoi tu (a—R; a+R). Khi d6 tanéi f(x) khai trien duoc thanh chudi Ity thira

tai 1an can diém a theo cac Ity thira cua X —a.
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Tir khai trién (15.2) bang phép lay dao ham lién tiép va thay x =a vao két qua ta thu
duoc:

B f(m (a)
~nl
va chudi (15.2) c6 dang:

(n) (n)
=37 n(la)(x—a)” _f)+ @ )(x— a) + (f‘)(x—a)2+...+f n(la)(x—a)u... (15.3)

n>0
vé phai cua (15.3) goi 1 chudi Taylor d6i voi ham f(x).
Khi a =0 thi (15.3) ¢6 dang:
() - " )
f(x) = wa“ =f(0) + r0, "9e., 0., (15.4)

= NI 1! 2! n!

vé phai ciia (15.4) goi 1a chudi Maclaurine d6i voi ham f(x).

f"('a) (x—a)*+..+ ()

Pit S, (x) = f(a)+f1(a)(x a)+ (x—a)" va

R.(X)=f(x) =S, (xX) (phan du), né c6 dang:

R, (X)= ((M)%I) (x—a)"™, véi Ee(a,x).

Ham f(x) kha vi vo han lan tai diém a 1a téng cua chudi Taylor d6i véi né khi va chi khi
R, (x) >0 khi n —o0,
a. Phwong phap true tiép.
£ (a)
n!
+ Chimg to rang R, (x) — 0 khi n — .

+ Tinh cac hé s6 theo cong thic a, =

Vi du 1. Khai trién ham ham y = cosX thanh chudi Taylor tai diém a =

+ Tinh gia tri ham va cac dao ham cua no tai diém x:%:
y E —ﬁ' y' E —_ﬁ' y" E —__2'
4) 2 4 2’ 4 2

Do d6:

f (n/ 4)

f(x) = f(n/4)+ X —m/4) + (X —m/4)% +

V2 W2 w_ﬁ Com/ )t N2 et 1)
nl!

. . . —n/d)" +
2 2 1! 2 21 2 3! ( /)

f(n/4) SO gy
2| n!
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@{1_ Xon/d (XomA) L (xoma) +}
1! 21 3l

+ Khao sat phan du R clia cong thirc Taylor:

(n+1) cos[§+(n +1).n}
f (&) n+1 2

R _(X) = X —a)™ = (X —m/4)".
() (n+1)!( ) (n+1)! ( /9
n+l
Ta co: |cosa<1,Va va xét chudi Y u, , trong do u, _M.
n=0 (n+l)!
_ n+2 | _ i
Taco: Yot - XZWDT (n+d)? _Xx M4 hinoe L0 1 nen >"u, héi tu theo
u, (n+2)!  (x—mn/4) n+2 =

du hiéu D’ Alembert. Suy ra s6 hang tong quéat u_ _Kino® 0 Tae la: lim R.(x)=0.

Vay chudi Taylor thu duoc & trén hoi tu dén cosx voi moi gia tri X.
b. Phwong phap gian tiép: Khai trién bang cach sir dung nhitng cong thitc Maclaurin cia

mot sO ham so cap co ban:

2 n
e* =1+ + X4 X—+ X € (—o0;+00)
1 21! n!
3 5 2n-1
sinx:x——+X——...+(—l)”_1X—+...; X € (—o0;+00) .
3 5! (2n-1)
2 4 2n
cosx=1—x—+x——...+(—l)n X +..; Xe(—o0+:),
21 41 (2n)!

m(m-1) , m(m-1).. (m—n+1)
TX +...+ "

(1+x)" =1+%x+ "+ xe(-11).

1 1 1 1 3
Piac biét: V1+Xx =1+=x—=x*+0(x?) va _1——x+ x +0
ac bie 278 (x’) Jx ().
(1_1X)=1+x+x2+...+x”+...; e(-11).

2 3 n
X® X n X
IN(l+xX)=X——+——...+(-1) —+..., Xe(-11).
(ex)=x-2a X ay X (-11)
Vi du 2. Khai trién ham f(x) =sin?x thanh chudi Taylor theo liiy thira cua x.

_ 2 4 2n
HD: sin2x=ﬂ va cost=1—(2X) +(2X) —...+(—1)”ﬂ+... 2
2 Y (2n)!

2 3.,4 5.,6 2n-1.,2n n
sin?x = 2;! - 24)!( + 26)!( - +(—l)n*1 2(2n);! o= Z(_l()T)!XZ” .
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BAI TAP CHUONG 4
CHUOI SO

14.1. Dung dau hiéu so sanh xét sy hoi tu cia cac chudi Sé sau:
1 1 n
a). 2~ b). ) ———; 0 — 4. 25—
g{nB ’ éa/n(unz) nZ>1(2n +1) 25 é(nz+3)5/3

14.2. Dung dau hi¢u Cosi xét su hdi tu cua cac chuoi so sau:

2 n
2n? +1 ny ( j d).>. -
;b)Y | —| c). , 1
) nzﬂ( j );(nﬂj n; 2n+1 ”ﬂ(2+nj
14.3. Dfmg d4u hiéu D’ Alembert xét sy hdi tu cta cac chudi sd sau:
7% 3"n! n(n +1)
a). —; c).y ——: d).
nz>15 ) nZi 2n —5)' ) gi n" z
n" (nh* . (nh*
= n’ nz>1(2n)! nz>1 2" nz>1(n +r
14.4. Dung tiéu chuén tich phan xét sy hoi tu cia chudi sb z;
S nin(n+1)
14.5. Dung tiéu chuan Leinitz xét sy hdi tu cta cac chudi dan dau sau:
)™t cos(nn) -1)"
2.y D b). 3 , 9.y D
=1 2n-1 n>1 sin(n+1)
1 2n+1 " 301
d). > (-1 : . lnﬂ( ) . A5 (L1 1(2n+_) .
S n(n+D » 20" 5 2D Tt )

14.6. Cho p>0 vachudi » (-1)""tan® L Tim p dé chudi di cho hoi tu tuyét dbi; hoi
nvn

n>1

tu c6 diéu kién ?

. s 1
14.7. Vi gia tri ndo cua p (p duong) chuoi Z:(—l)n 'sin® on +

= n’Jn+3

hoi tu tuyét d6i hodc
hoi tu c¢6 diéu kién ?

hoi tu tuyét ddi hodc hoi tu

_\n-1
14.8. V6i gia tri nao cua p (p duong) chudi Z( Y Ine L 3
n>1 n n+1

c6 diéu kién ?
14.9. Xét su hoi tu cua cac chuéi s0 sau (bai tap bo sung)

(_1)n _ _ 3n+2 .
a)z ' )Z(n 1)f C)'Zln 3n )nz;‘n(n+1)(n+2)

n>1 n In(n + 1) n>1 n>1

tong;

e) Z ) Zh’](n ) g)Z(l_'_nz]

>2 >2
n n 2\l 1+n
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CHUOI HAM
15.1. Tim mién hoi ty ctia nhitng chudi ham sau:

OB IR s 0.F d). Y (2-x)';

n>1 X = s1l+x n>1
X(x+n) e). _2n+l . f 1 n N+ (1+2xj 9).
i é{ } ;(””)SXZ ) g( ETER O 50 (2x—3)”
; n>1 n2 +1 X

h). i).

) ) oyt

Z n (2X—3)n . Z (_1)n X n . n>1 +x"

an?+10 x ’ = 2"Jn +1(3—x) ’

15.2. Tim ban kinh hdi tu va khoang hoi tu ctia nhitng chudi lily thira sau:

). z X2t UNEY 0. Z:(n|)
&(n-Dn-1! ) E[mj 3 @t

d).> Yx-2 (x=2) 1.3 (1) X (x-1)".

)nZ;, ( )" );In D) )nZ;,( ) ( )"

15.3. Tim ban kinh hi tu va mién hoi tu caa chudi Ity thtra:

n

). Z(n j SO % c). Z[tan jx d). ZBH_ "
n>1 n>1 n>1 n>1

e). ) f). ansn ; g)Z[w}(n
Z(szﬁjw—l)"; = B

n>1

15.4. Tim mién hoi tu cua chudi liy thira

a). Y " DIp I

n>1 n>1

o) Zﬁfj( _oy; d). Z(””j( 1y,

n>1 n>1

15.5. Tim mién hoi tu cta chudi liy thira ¢6 sé hang tong quat:

a).u,(x) :(_1)n+1£; b).u,(x) = (x—4)" : ©)-
" Jn n+1Y o
u,(x) = ( n+1j (x-2)";
d).u (x) = (nx)"; e).u,(x) =x"Inn; B0 (0 (5:') ’
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